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@ Pseudo-likelihood approximation: given x = {x;}i—1_.n
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@ Pseudo-likelihood loss &'(N) to compute:
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@ Two-bodies interaction: parameters 6 = {J;;}j-1,.n

,%0()6) = —infijx]'

i<j

@ Binary variables: x € {1}V

@ Pseudo-likelihood loss coincides with cross-entropy:
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@ Each neuron has its own independent (local) cost to minimize

992&2 —Zzei(éu)
Ho
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@ We select T=0 dynamical rule:
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@ Almost equivalent to Hopfield network.
Difference: global learning rule

P
Hopfield , 1 el ’
i = N;é" &' < Hebb’s rule

@ P random training data £# € {+1}" i.i.d. are the memories

e o= % is the control parameter



Hopfield associative memory

Memories are fixed points of dynamics



Hopfield associative memory

Memories are fixed points of dynamics




Hopfield associative memory

Memories are fixed points of dynamics

Input




Hopfield associative memory

Memories are fixed points of dynamics

Input Retrieval

=




Hopfield associative memory

Memories are fixed points of dynamics
Input Retrieval

Phase diagram of retrieval

Amit et al. (1987)
Statistical Mechanics of Neural
Networks Near Saturation
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@ Pseudo-likelihood loss:
2L=-YY l(léi” Y J,-jij”) —logcosh (léi” Y ],-ﬁﬁ)}
Ko J(#0) J(#0)

@ Each neuron has its own independent (local) cost to minimize
PYL = —ZZei(E“)
woi

Jij not symmetric = no global energy

@ Stabilities
Az"L = é:iu Z Jijgju
J(F#i)

IfAY >0 Vi = &His afixed point of dynamics
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@ Gardner replica computation for each perceptron
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Technical contribution (2) - free ||J||

@ GD on cross-entropy in this setting monotonically increases ||J]|

@ We rescale at training step t: A(r) = ||/]|(¢) and we fix ||J|| =1

PP = Z (1)A* —logcosh (A (1)AM)]

@ Result: P, (A) at fixed A good approximation of P, (A)
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(1) Random data

Pseudo-likelihood produces optimal basins of attraction
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@ D random features f* € {+1}¥

e Training data: with random i.i.d. ¢ € {0,£1}

& =sign \FZcfjfl
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For each u only L non-zero c; .

o Test data: same {f*},_ . p, new extraction of ¢/’
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(3) binary MNIST

Memorization-to-generalization transition at increasing dataset size o
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3) other datasets
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Conclusions

@ Local + max entropy learning rule:

Associative memory

@ Local rules equivalent to N perceptrons:

P(A) to explain memorization in non-symmetric networks

@ Structured data:

Memorization-to-generalization transition
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Formulae

Pseudo-likelihood cost:

=2 ==L ¥ |RAE UG Y —og [ dne 7 GG
[T



Self-Attention is pseudolikelihood optimization
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Self-Attention is pseudolikelihood optimization

@ Layer of simplified Self-Attention: weights tensor J € RV*Nxdxd

Xt = Z OﬂiejJijfff (1)
J(#)
O j= SOﬂman {A«Xlt JUX;:| (2)

@ ¢ layer index — promoted to time index
@ Eg. 1: minimization dynamics of cost
F({%i}:)) = ):Iog[ L o (hX- 0% )| =Leaxhn ©
] i

Xt = Vg F({X;}:)) (4)



Vector-spin associative memories

Vector spins: towards Self-Attention

Statistical mechanics of vector Hopfield network near and above saturation
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@ N spherical vector spins {S;},=1._x € R%, [|Si]| =1
@ P memories {E,-}’"

1IN 3 -
°H= *%Zi;éjsi‘«ﬂijsj

@ Hebb's couplings J; = § ¥h_ & x &' = J; e R



Vector-spin associative memories

Phase diagram of retrieval at equilibrium
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Vector-spin associative memories

First step denoising

Retrieval map at one step, @ = 0.5
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