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Associative memories (Hopfield networks)

Network of N binary neurons, σ⃗ ∈ {−1,+1}N

H =−
N

∑
(i,j)

Jijσiσj , Jij :=
1
N

P

∑
µ

ξ
µ

i ξ
µ

j ← Hebb’s rule

P random patterns ξ⃗ µ ∈ {−1,+1}N are the memories

α = P
N is the control parameter

T=0 dynamical rule:

σi(t+∆t) = sign

[
∑

j(̸=i)
Jijσj(t)
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⇒
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⇒

Phase diagram of retrieval

Amit et al. (1987)
Statistical Mechanics of Neural
Networks Near Saturation
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Self-Attention as pseudolikelihood optimization

Layer of simplified Self-Attention: weights tensor J ∈ RN×N×d×d

X⃗t+1
i = ∑

j(̸=i)
αi←jJij⃗Xt

j (1)

αi←j = softmaxj

[
λ X⃗t

i ·Jij⃗Xt
j

]
(2)

t layer index→ promoted to time index

Eq. 1: minimization dynamics of cost

F({⃗Xi};J) =− 1
λ

∑
i

log
[

∑
j(̸=i)

exp
(
λ X⃗i ·Jij⃗Xj

)]
= ∑

i
ei({⃗Xi};J) (3)

X⃗t+1
i =−∇X⃗ F({⃗Xi};J) (4)



Self-Attention as pseudolikelihood optimization

Layer of simplified Self-Attention: weights tensor J ∈ RN×N×d×d

X⃗t+1
i = ∑

j(̸=i)
αi←jJij⃗Xt

j (1)

αi←j = softmaxj

[
λ X⃗t

i ·Jij⃗Xt
j

]
(2)

t layer index→ promoted to time index

Eq. 1: minimization dynamics of cost

F({⃗Xi};J) =− 1
λ

∑
i

log
[

∑
j(̸=i)

exp
(
λ X⃗i ·Jij⃗Xj

)]
= ∑

i
ei({⃗Xi};J) (3)

X⃗t+1
i =−∇X⃗ F({⃗Xi};J) (4)



Self-Attention as pseudolikelihood optimization

Layer of simplified Self-Attention: weights tensor J ∈ RN×N×d×d

X⃗t+1
i = ∑

j(̸=i)
αi←jJij⃗Xt

j (1)

αi←j = softmaxj

[
λ X⃗t

i ·Jij⃗Xt
j

]
(2)

t layer index→ promoted to time index

Eq. 1: minimization dynamics of cost

F({⃗Xi};J) =− 1
λ

∑
i

log
[

∑
j(̸=i)

exp
(
λ X⃗i ·Jij⃗Xj

)]
= ∑

i
ei({⃗Xi};J) (3)

X⃗t+1
i =−∇X⃗ F({⃗Xi};J) (4)



Pseudolikelihood method

Model with two-bodies interaction: E(x) =−∑i̸=j Jijxixj

Joint probability pJ(x) = exp{−λE(x)}/ZJ

Dataset of P datapoints ξ µ ∈ RN

Likelihood training: minimize L =−∑
P
µ=1 logpJ(ξ

µ)

Problem: untractable partition function ZJ

Pseudo-likelihood approximation: L =−∑
P
µ=1 ∑

N
i=1 logpi(ξ

µ

i |ξ µ
\i)
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pseudolikelihood?

⇓
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Pseudolikelihood produces associative memories

Pseudolikelihood on random data: same setting as Hopfield

N neurons, σ⃗ ∈ {±1}N , T=0 dynamics:
σi(t+∆t) = sign

[
∑j(̸=i) Jijσj(t)

]
P random memories ξ⃗ µ ∈ {±1}N , α = P

N control parameter

Jij as negative log-pseudolikelihood minimizer at fixed ∥J∥= λ

NLP =
N

∑
i=1

ℓi(Ji) =
N

∑
i=1

P

∑
µ=1

log
(

1+ e−ξ
µ

i ∑j̸=i Jijξ
µ

j
)

Quantity of interest: stabilities

∆
µ

i = ξ
µ

i

(
∑
j̸=i

Jijξ
µ

j

)
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Pseudolikelihood produces associative memories

Pseudolikelihood on random data: Gardner computation
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Vector-spin associative memories

Vector spins: towards Self-Attention

N spherical vector spins {⃗Si}i=1,..,N ∈ Rd, ∥⃗Si∥= 1

P memories {ξ⃗i}µ

H = − 1
2 ∑

1,N
i̸=j S⃗i ·Jij⃗Sj

Hebb’s couplings Jij =
1
N ∑

P
µ=1 ξ⃗

µ

i × ξ⃗
µ

j ⇒ Jij ∈ Rd×d
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Two order parameters: α = P
N , α
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Vector-spin associative memories

First step denoising

⇒ P = α
′
Nd
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