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Associative memories (Hopfield networks)

@ Network of N binary neurons, 6 € {—1,+1}"

(]
3 U\ cpgn
H==) J;joio; , Jij:ZN;é,- gl' <« Hebb’s rule

(i)
@ P random patterns &+ € {—1,+1}" are the memories

o= ﬁ is the control parameter

@ T=0 dynamical rule:

o;(t+ At) = sign LZ Jjjaj(t)‘|
(i)
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Associative memories (Hopfield networks)

& =sign {éi“ +0 (ﬁ)} = memories are fixed points of dynamics

Phase diagram of retrieval

Amit et al. (1987)
Statistical Mechanics of Neural
Networks Near Saturation
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Self-Attention and LLMs

@ Transformer architecture:
Vaswani et al. (2017) Attention Is All You
Need

@ Input and output: N vectors in d dimension
{Xitic1 N X €RY
@ Building block: Self-Attention layer
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Self-Attention and LLMs

@ Transformer architecture:
Vaswani et al. (2017) Attention Is All You

Need
@ Input and output: N vectors in d dimension Probapites

{Xi}ic1. v XieRY

Add & Norm

Add & Norm

@ Building block: Self-Attention layer ”“:fT .
-orward 7 X
“out N . T . . Nx Add & Norm
Xi = Z SOﬂman <KX,) (QXJ) VXJ Multi-Head Mﬂfﬁﬁd
4 Attention Attention
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. Positional Positional
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(shifted right)

@ Simplified version: KT -Q=V =J

N
XUt = Y softmax; [ X% ] J%X)
j=1
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@ Pseudolikelihood produces associative memories

@ Vector-spin associative memories
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Self-attention as an attractor network: transient
memories without backpropagation

1! Francesco D’ Amico 27 Matteo Negri
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Self-Attention as pseudolikelihood optimization

Self-attention as an attractor network: transient
memories without backpropagation

1! Francesco D’ Amico 27 Matteo Negri

@ Layer of simplified Self-Attention: weights tensor J € RV*Nxdxd

Xl = Z aiej-]ijj(; (1)
J(F#D)
0. = softmax; {M?f -J,-jf(;} 2)

@ ¢ layer index — promoted to time index
@ Eg. 1: minimization dynamics of cost
F({X;}:0) = ——Zlog[ Z exp(AX; ;X)) | = Lei{X}:0) ()
J(# i

X+ = Ve F({X}:J) (4)
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Pseudolikelihood method

Model with two-bodies interaction: E(x) = — Y;.; Jyxix;

Joint probability pj(x) = exp{—AE(x)}/Z;

Dataset of P datapoints £# € RY

Likelihood training: minimize .£ = —Zﬁ:1 logp;(EH)

Problem: untractable partition function Z;

Pseudo-likelihood approximation: . = —y;_; ¥’ logpi(§/'[&*\;)
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Pseudolikelihood produces associative memories

Step back:

What happens for the simplest possible model trained with
pseudolikelihood?

Pseudo-likelihood produces associative memories able to generalize,
even for asymmetric couplings

Francesco D" Amico,"2 Dario Bocchi,"? Luca Maria Del Bono,"? Saverio Rossi,! and Matteo Negri'-2

L.".ﬁya'i(‘.r Departmeni, Sapienza University of Rome, Piazzale Aldo Moro 5, 00185 Rome, Italy
XInstitute of Nanotechnology, National Research Council of Ialy, CNR-NANOTEC, Rome Unit
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Pseudolikelihood produces associative memories

Pseudolikelihood on random data: same setting as Hopfield

@ N neurons, 6 € {£1}", T=0 dynamics:
0;(t+Ar) = sign [z ;05 (1)]

@ P random memories & € {+1}", a = £ control parameter

@ J;; as negative log-pseudolikelihood minimizer at fixed ||J|| = A

N N P . -
NLP = Z&'(Ji) = Z Z log <1 +ei§i Yidii§; )
i=1 i=lu=1

@ Quantity of interest: stabilities

i
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Pseudolikelihood on random data: Gardner computation
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Pseudolikelihood produces associative memories

Pseudolikelihood on random data: Gardner computation

distribution P(AH)

a=0.4
Hebbian
— A=0.2
— A=0.38
— A=16
A=6.4

T T
-1 0 1 2 3 4

stability A#

At fixed norm ||J|| =1

P(AH)
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Vector spins: towards Self-Attention

Statistical mechanics of vector Hopfield network near and above saturation
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Vector spins: towards Self-Attention
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Vector spins: towards Self-Attention

Statistical mechanics of vector Hopfield network near and above saturation
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Vector-spin associative memories

Vector spins: towards Self-Attention

Statistical mechanics of vector Hopfield network near and above saturation
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@ N spherical vector spins {S;},=1._x € R%, [|Si]| =1
@ P memories {E,-}’"

1IN 3 -
°H= *%Zi;éjsi‘«ﬂijsj

@ Hebb's couplings J; = % ¥h_ & x &' = J; e R
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Phase diagram of retrieval at equilibrium

Two order parameters: o =

i
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Last step
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Last step

[Jij =Y, 5552.‘] [ Pseudolikelihood ]
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