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What are transformers?

@ Most successful architecture of last years in many domains
@ Data: sequence of vectors x € (RY)", so x = (Z1,...,%v)

@ At their core: self-attention

i ZO{,WWVX +3 (1)

@ Attention weights:

0. = softmax;[A (¥ Wi, Wo¥))] (2)

@ Autoregressive task: predict one missing token given the
others.
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Standard transformer vs recycling

@ Standard: q different SA+MLP blocks
@ Recycling: one single layer iterated g times
@ Why recycling? No cheaper training

@ = Pro (1) fundamental in some relevant cases
such as Alphafold2

@ = Pro (2) iterative dynamical system instead of
different layers — explainability

@ Recycling training issue: dependence on q.

@ = Solution: Gtrain € [Qmin,Qmax]-

Embedding blockls ©

Input vectorial spins,

Self-Attention ¥ =¥ Z /) ¥ + X

De-embed block/d ¢

a
Ou‘pm.
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Recycling on generalized Potts model

@ Potts dataset of Riccardo et al, MLM task

@ 3rep model: one layer as factored attention but same
performance as 3 layers

Training curves
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Recycling on CIFAR10
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Our work: (1) summary

@ Transformers can be used as dynamical systems

@ Can the SA map be written as the derivative of a cost?
Is it an energy E?

© = Yes, but it is not an energy.
It is formally a Negative log Pseudo Likelihood (NLP)

© We can train a very simple SA ("bare SA") directly minimizing the
NLP

@ We compare result with a recycled transformer in MLM and
denoising tasks
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Our work: (2) pros and cons

@ PROs: training is

® Fast (no backpropagation)
® Local (relevant for biological networks)
® More explainable: planted model

© CONs:

® Sensible to hyperparameters
* Worse test performances
® High memory usage
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The simplifications

Again, self-attention:
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J

Embedding blocka

Input vectorial spins
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@ Get rid of the MLP

3
MLP token-wise s
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The simplifications

Again, self-attention:

o1 >t ot
X = Z(X,'<_jWij +X;
J

Embedding block a ©
_ T, T -
0 j = softmax; [A (%] Wi, WoX;)

@ Take a fixed embedding
@ Get rid of the MLP

© We call W/ W, =: J. Get rid of positional encoding,
instead J = J;;

Q Setw,=J.

De-embed blockd &

a
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The simplifications

v N Again, self-attention:
9
. 1 Lo —t | =t
Embedding block a © xi - Z aH_-/ vaj +xi
J
i TwT
Input vectorial spns @ @ @ @ Qi j = SOftman |:7L (xi WK, WQXJ')
0000
B @ Take a fixed embedding
MLP token-wise d 5# 2 t; d e Get rid Of the MLP
g of SAWLF © We call W/ W, =: J. Get rid of positional encoding,
" 0000 instead J = J;;

oot OO OO
0000
000 _
Q Setw,=J.
De-embed blockd &

Our objective is a proof-of-work.

(2) and (4) have theoretical implications
2 (1) and (3) are practical simplifications
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The bare self-attention

The only parameters tensor is J € RV*Nxdxd,
= Dynamical system of vectors

5C'§+1 = Z (X,‘Hj.]ij}]t"F}? (3)
J(#D

0 = softmax; {Mfi 'Jij?fj} @



An "energy" for Self-Attention
[ Jelelele}

Contents

e An "energy" for Self-Attention



An "energy" for Self-Attention
[¢] lele]e}

Self-attention from a variational approach

In general energy models

@ Update:
xt+1 :fﬂ ()C) +xt (5)
@ Energy Fy(x) is such that

X = V. Fo(x) +x' (6)



An "energy" for Self-Attention
[¢] lele]e}

Self-attention from a variational approach

In general energy models

@ Update:

= fo () + o' (5)
@ Energy Fy(x) is such that
X = V. Fo(x) +x' (6)
In self-attention:

@ Update:

=Y oy R (7)
J(#)
@ "Energy"

F(x;J) = Zlog{ Z exp (AX; - Jij%; } = Ze,-(x;]) (8)
#i) i



An "energy" for Self-Attention
[¢] lele]e}

Self-attention from a variational approach

In general energy models

@ Update:

= fo () + o' (5)
@ Energy Fy(x) is such that
X = V. Fo(x) +x' (6)
In self-attention:

@ Update:

=Y oy R (7)
J(#)
@ "Energy"

F(x;J) = Zlog{ Z exp (AX; - Jij%; } = Ze,-(x;]) (8)

J(#i)

@ An "energy" individually decreased by each token:
filxsJ) = =Vyei(x:J) +3% 9)



An "energy" for Self-Attention
[¢] lele]e}

Self-attention from a variational approach

In general energy models

@ Update:
= fo(x) +x' (5)
@ Energy Fy(x) is such that
X = V. Fo(x) +x' (6)
In self-attention:
@ Update:
=Y oy R (7)
J(#)
@ "Energy"
F(x;J) = Zlog{ Z exp (AX; - Jij%; } = Ze,-(x;]) (8)
J(#i) i
@ An "energy’ decreased by each token:

filxsJ) = _i(x;-]) +X; 9)
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The self-attention cost is formally a pseudo-likelihood

@ Pseudo-likelihood approximation: p(x) ~ [T;p(xi|x;), with

exp(BH,(x)
PO = T (eexp B, (0) 10

© NLP compared to cost of SA:

NLP(x,J) = Zlog(p xibog) =Y ei (11)

FlxJ) = Zlog[ Z exp (A%, - Jik; ] =Ye  (12)

i(#
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Training via max-NLP

We learn J directly from NLP: no forward and backpropagation.

@ Take some datapoints x*, select a random i:

0
J;‘H :ij—nWZei(x“,J’) (13)
ij

@ Or directly with GD or SGD using ¥, ¢;(x*,J") as a Loss
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Training via max-NLP

We learn J directly from NLP: no forward and backpropagation.

@ Take some datapoints x*, select a random i:

d
1 P .
@ Or directly with GD or SGD using ¥, ¢;(x*,J") as a Loss

@ We plant the dataset in the cost of the model
= Hebb rule and Hopfield models
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Results on real data
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Conclusions

@ The cost of self-attention is a pseudo-likelihood

F(x;J) = —IZIog{ Y exp(A%;-Jy%; } =Y e (14)
i J(#0) i

@ A bare self-attention can be trained via max-pseudo-likelihood
Jl?j“ =J;— najt Ze, (xM,J") (15)

i

© It works qualitatively as recycled transformers
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Advancements (1): NPL as a different training method

@ Can we improve it? For ex. with Contrastive Divergence

J J
j o —=— (ei(xH 7 e (M
AJlj 8J1]<el(x a])>data+ajij<€,(x 7")>m()del (16)

@ Can we train a recycled 1-layer transformer with NLP?
Encoder = SA = MLP = Decoder

@ What differs in tensor J trained via backpropagation or via
pseudo-likelihood?
Can we use NLP for explainability in standard transformers?



Conclusions
00000

Advancements (2): theoretical

@ Hebb rule is the minimum of NLP in two-body models?

What is the relation between self-attention and Hopfield
models?



Conclusions
00000

Advancements (2): theoretical

@ Hebb rule is the minimum of NLP in two-body models?

What is the relation between self-attention and Hopfield
models?

@ NLP training is local, so biologically plausible

= biological networks with self-attention
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Self attention in transformers

@ Data are sequence of tokens: token ¥; € R with i = 1,...,N, and
sequence x € (RN

@ Update:
_'t“ Z Ot,HVx +3X (17)
J(#i)
@ Attention weights:
Ui j = SOftman[)L (K},) : (Q;C'])] (1 8)

@ 0,K € R%*4 meanwhile V € R¥*4

@ In transformers, VK, Q do not depend on (i,j)
— permutational invariance (p.i.)

@ Positional encoding to break p.i. — X; is a mix of positional and
semantical information



0@00000

Our choices

@ V.K,Q depends on (i,j).
So for us 0.K € RNxNxdhxd’ Ve RN xNxdxd

= to get rid of positional encoding

@ Defining
hy
J=Y (K")*o! (19)
=1
we constraint V=J
= to write the update as a derivative of an energy

In the end, the only parameters tensor is J € RV*Nxdxd
= an update
=Y o ¥+ (20)
J(#D)



This model energy compared to pseudo-likelihood

@ This "energy" is individually decreased by each token, because
update rule reads

f1i(x) = —=(1 =7)Vyesi(x) + ¥ (21)
Jd
X = (1= V) gaeri®) + = (1= Y i Y Il +
i i B
(22)

@ This is how Negative Pseudo log-Likelihood (NPL) works:
NPL(x,J) = Zlog (xilx/i)) = Zei (23)

@ To be compared to

Fy(x) = 7%Zlog[ Y exp(A%;-J;%)] = Zel,i(x>

J(#)



Complete pipeline

@ Spherical embedding: every pixel channel
x,-eR—>3c',-€R2,|3’c,-| =1

@ Patches: non overlapping squares of p pixels grouped together
=% €R¥ d;=2p.

@ A non trainable F € R%4 matrix: X; — FX;

© Training from

1
Fix) === ) log] (Z) exp(A%; - FT JiF%) ] = Y ()
i (# i
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F matrix

Matrix F Matrix ] at position [107,164 Matrix J at position [130,132

0
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Visualizing J matrix

J matrix [1,1] 0.075

Sateaie 0.050
0.025
0.000
-0.025

—0.050

-0.075

) matrix [2,3] J matrix [2,3] J matrix [2,3] ) matrix [2,3]
u I 0 0




Logsumexp energy models

P
ER) =——log } M 4 [ (24)
u=l1
X[+] = Za#é“ (25)
u
/,Lw'é‘u
' =° (26)
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