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Summary

Machine learning is the field of computer science that studies models that are capable
of learning autonomously to solve a task directly from examples without providing an
explicit coding of the solution. In recent years it has revolutionised many aspects of
industry, research and everyday life. Since the beginnings, important contributions
to the machine learning field have come from statistical physics. The first primitive
models of artificial neural networks of the last century such as the Perceptron, a
model of an artificial neuron, or the original Hopfield model, a system that retrieves
stored memories starting from corrupted version, have been understood and pop-
ularized also thanks to the works of statistical physicists such as John Hopfield
[Hop82] or Elizabeth Gardner [Gar87]. Although this models have been an important
starting point in the construction of modern machine learning field, nowadays the
state-of-the-art machine learning models are placed at a completely different scale
of complexity and capabilities. However, it has been shown that recent Hopfield
generalizations [KH16] [LM23] [Neg+23] can overcome some of the limitations of
the original Hopfield network that led to its abandoning as a central model in the
computer science field, and have consequently revived the interest of the statistical
physics community. In the long-term effort to construct a theory of machine learning,
such modern generalizations of Hamiltonian-based models that can be studied with
the methods of statistical physics are a possible framework to model and understand
modern machine learning. A clear example of the deep relation between modern
Hamiltonian-based models and Transformers [Vas+17] - the most capable machine
learning architecture today available - has been demonstrated recently [Ram+20].
For these reasons, the core of this work has been to investigate such new Hopfield
neural networks with more powerful capabilities with respect to the original formu-
lation, and to perform analytical and numerical investigations using the methods
and the conceptual framework of the statistical physics of disordered systems. Two
generalizations are considered. The first, the p-spin or polynomial energy model
[KH16], to increase Hopfield capabilities increasing the order of the interaction
between spins. The second, the random features model [Neg+23], to take into
account that real-world data are correlated. In the first part the work is focused
on the local attraction properties of the memories. The increase in the ability to
memorize examples of a dataset of these systems is studied analytically with the
signal to noise ratio method (SNR) and validated numerically. With respect to the
original SNR application to uncorrelated Hopfield model [Gar87], this method is
applied to the new random features case using a novel scheme to handle and carry
out computations efficiently. Furthermore, it is obtained that increasing the power
of the polynomial energy the number of memories that can be stored increases from
linear to superlinear in the size of the system N , also for the random features case.
In the second part of the work the dynamical phenomena taking place when the
systems start from a random initialization are studied through numerical methods.
First, it is obtained that there are certain operating regimes in which retrieval of
memories can be obtained even without starting from a partial corrupted version of
them, and secondly it is shown numerically how the ability to retrieve memory from
a random initialization changes depending on model parameters.
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Chapter 1

Introduction

1.1 The context of research

1.1.1 Machine learning

Machine learning has been a subject of interest for several decades among researchers,
academicians, and industry experts. It consists in algorithms and methods that
enable computers to learn how to solve a task directly from data through the training
of a machine learning model without the need for a specific coding of the solution.
Until today, in most of the cases the models with best performances have been the
so called feed-forward artificial neural networks.
Recent years have seen an exponential surge in the development and application of
machine learning techniques. This surge is primarily attributed to two main factors
happened around the year 2010:

1. The increasing availability of large and diverse datasets, due to the rise of
social networks, the ubiquitous usage of internet, the diffusion of clouds of
data, phenomena usually referred to as "big data".

2. The advancements in computational power, in particular the sharp increase
in production and availability of GPU processors, fundamental to achieve the
parallelization of the operations needed to train the machine learning models.

So, after decades of experimentation, these engineering improvements have resulted
in a jump in machine learning models performance, opening the possibility of ap-
plication in real life contexts. Due to the renewed interest in the field, in the last
ten years we have seen an explosion in machine learning architectures, algorithms
complexity and performances.
These factors have collectively propelled machine learning from theoretical research
to practical application, making it an essential component in a wide range of fields
including healthcare, finance, transportation, and entertainment.

In general, in machine learning we have a model, a task to be solved, and a dataset
of examples X.

• A model is an algorithm that takes an input X, then combines the input with
its internal weights W determined by a certain architecture, and finally gives
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an output Ŷ . The architecture is fixed - there are many architectures available,
each of which is suited to a certain class of problems - meanwhile the internal
weights can be changed. At first W are randomly initialized, and the model
produces random Ŷ values given some inputs X.

• The task consists in assigning for each input X an output Ŷ that is as similar
as possible to a given Y , that we define as the solution of the task.

To accomplish the task the only possibility for the model is to change its internal
weights W in an appropriate way; this procedure is called the training of the model.
During the training phase a dataset of examples is presented, and the system is
updated through a training algorithm that changes the internal parameters W of
the model following a certain rule. Usually this rule consists in a minimization of
a certain cost function, called usually loss function L. There are two conceptually
different classes of training:

1. If, for every input example X, the correct solution of the task Y is also given,
the training is called supervised. Usually, in this case, the loss function is
defined as a measure of a certain discrepancy between Y and the output of
the model Ŷ . So, for every task, it is defined an appropriate mathematical
distance between Y and Ŷ , for example the MSE (mean square displacement)
in the case Y and Ŷ are vectors in a euclidean space. We note that in this
case we need to already know the Y values, for example because they have
been computed in another way.

2. If we don’t have the correct solution Y for each X of the training set, the
training is called unsupervised, and the loss function is defined in another way
that doesn’t require the Y values.

During the training, the examples X are continuously presented to the model, which
every time updates it’s weights W , until a certain stop criterion is reached, conclud-
ing the training procedure. At this point, the weights W are frozen, and the model
is ready to be used.

The fundamental idea is that we are interested in the performance of the model
for new data X that are not inside the training dataset, because it is useless to
solve the task when we already know the solutions. Here comes the real point of
neural networks: the architectures are built in such a way that by training them on
a given dataset, they can generate good predictions on new data never seen before.
In practice, to simulate new data never seen before, we leave out of the training set
a fraction of the examples, and we call it the test set. Then, the real performances
of the model are computed after the training using the test set.
In this context, three concepts are defined:

• Storage is the capability of the model to code the training set inside it’s
internal weights, in such a way that given a training input X, the model
produces the correct Ŷ .
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• Learning is the ability of the model to construct an internal representation
of the training data that is useful to perform generalization. This concept is
more abstract with respect to the other two, but as we will see it will acquire
a more specific meaning in the context of intrinsic dimensionality of a dataset,
that will be shortly presented.

• Generalization is the key ability of a machine learning model. It is defined
as the capability to provide good performances with the test set, which means
using the information of the training dataset to solve the task for examples
never seen before.

Usually machine learning is applied to difficult, high-dimensional and highly non
convex problems, because for problems in which we can code directly the solution
it is not justified the complicated and costly training of a model. It is possible
that a dataset has an intrinsic natural representation made of latent variables that
can be obtained through some sort of transformations from the original data, and
in this new latent space the original difficult problem is mapped in a simple way
[FER17]. For example, in a classification task, it is possible that inside this internal
representation inputs X are mapped in clusters of points that shares the same Y
value and are linearly separable. In this context, a possibility is that artificial neural
networks (ANN) show good generalizations properties because they are able to
capture this intrinsic latent representation of those high-dimensional data provided,
and in this case we say that it is capable of learning instead of just storing. In Sec.
1.5 it is explained in which way the Hopfield model generalizations analyzed in this
work are linked to this idea of latent spaces, and what is the meaning of storage,
learning and generalizaton in those models.

1.1.2 Statistical mechanics for machine learning and the context of
the present work

Statistical mechanics is a branch of physics that uses statistics to explain the col-
lective behavior of systems with a large number of variables. As we will see in this
section, it has played a fundamental role in structuring the foundations of machine
learning field in the early stage, specifically with the Perceptron and the Hopfield
models, solved in the framework of the physics of disordered systems.

The Perceptron is a model of neurons invented in 1943 by Warren McCulloch
and Walter Pitts [MW43]. Some years later, in 1958, Frank Rosenblatt used this
model to perform binary classification with supervised learning [Ros58]. A Perceptron
takes as input a vector x and gives as output f(x) a binary value:

f(x) =
{

1 if w · x + b > 0,

0 otherwise
(1.1)

where w and b are respectively the synaptic weights and the threshold. In particular,
these weights have to be learned using a learning algorithm and a dataset, and
after the training they codify the Perceptron solution to a given binary classification
problem. Many learning algorithm have been invented, mainly using an iterative
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updating of the weights, presenting every time an example from the dataset, com-
puting the predicted classification and adjusting slightly the weights. In particular,
every weight has to be changed of an amount proportional to a chosen learning
rate γ in the direction of improving the classification. For example, if an element
of the dataset x has a class y = 1, but w · x + b < 0 and so it is misclassified, the
adjustment of every weight has to be done so that with the new weights x′, b′ the
system will make a better prediction, that means in this case w′ · x + b′ > w · x + b.
After Rosenblatt’s work the Perceptron sparked interest as a promising model to
perform machine learning, but then it was understood that only linearly separated
classification problems could be solved. It means that in the vector space of x,
Perceptron can learn the classification task only if the vectors belonging to the two
classes can be separated by a plane, making the Perceptron too trivial to work with
real data. Then the model was deeply studied with great success using statistical
mechanics tools; in particular with the replica method it is possible to obtain ana-
lytical predictions of the result of many different classes of learning methods.
Anyway, although the Perceptron is a too simple model of a single neuron that can
be trained to classify inputs, it has been a stepping stone for the development of
more advanced neural networks and for the field of Machine Learning in general.
After many years it was understood that stacking two or more layers in what is
now called Multilayer Perceptron or Feed-forward neural network the model have
greater processing power and can deal with general classification problems, not being
restricted to only linearly separated ones.

The Hopfield model is a form of recurrent artificial neural network popularized
by physicist John Hopfield, capable of storing patterns and retrieve them starting
from distorted or partial versions. It is called a model of associative memory in the
field of pattern recognition, an important branch of machine learning. This model is
the main object of study of this entire work and will be explained in detail in the
next sections.
It was studied initially by John Hopfield [Hop82], then the phase diagram of the
model was obtained with statistical mechanics [AGS85]. In particular, given an
amount of stored examples P proportional to the number of neurons N , namely
P = αN , it was shown that even in absence of noise there is a critical value αc such
that for α > αc the system is not capable anymore to retrieve the memories.
Then, as the original Perceptron, the Hopfield model was too limited to be used for
real-world applications, and the interest for the Hopfield model inside the artificial
intelligence field faded, even if it was continued to be used in the modeling of
biological neural networks, such as in [GC99].

In the last years, new generalizations of the original Hopfield network [KH16]
[LM23] have shown increased capabilities that makes them more similar to modern
high performances state-of-the-art machine learning models [Ram+20], or enables
them to handle structured memories [Neg+23]. We will call those Hamiltonian-based
models, because they are defined through an Hamiltonian. Even though they have
not the same capabilities, the interest in the analysis of those models is based on
the idea that they could share some general properties with state-of-the-art machine
learning models. Due to the possibility to study Hamiltonian-based models with
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statistical mechanics, and thanks to the decades of work already done by physicists
in this field, those neural networks represent a promising framework from which to
study more general and capable classes of machine learning models.
An example in this direction is represented by the recent intuition that Transform-
ers - the most advanced machine learning architecture at the moment - are based
on a mechanism, called attention, that is deeply related to Hopfield models [Ram+20].

The present work fits within this context of studying modern Hopfield general-
izations using typical statistical physics concepts and theoretical methods. The idea
is to understand the phenomena behind their functioning, and what changes in their
internal behaviour as parameters and architectures changes. The work is interesting
in itself in the theory of disordered systems because Hopfield belongs to spin glasses
models, but the phenomena investigated in this work were also chosen on the basis
of how relevant they are in the context of machine learning.
In the end, historically, Physics has provided a successful conceptual framework
to analyze neural networks models and to understand the complex phenomena
arising in neurons. Even though nowadays machine learning works with way more
complex architectures, the Hamiltonian-based models and their analysis have been a
fundamental stepping stone and now they are viewed as a possible starting point for
the construction of a theory of machine learning.

1.1.3 The need for a theory of machine learning

During the last decade we have assisted to a machine learning revolution, in which
progress was made mainly due to engineering factors, intuitions, trials and errors,
stacking of discoveries. The rapid advances achieved in model performances and
complexity opened a gap between the models capabilities and the theoretical compre-
hension of the emergent phenomena inside them. Models with billions of parameters
(even more then the data size) are capable of not overfit, something opposite to the
central variance-bias tradeoff of statistics.
On one side it is of theoretical interest to have a theory of machine learning, because
we have a system that is working and that is not understood deeply. Thus, it
would be of scientific interest to construct a theory of machine learning, linking the
functioning of modern ANN to the theory of complex systems. Moreover, there is
the possibility that at the heart of the functioning of these architecture there are
new phenomena, and machine learning models can act as a stimulus in the research
field of complex systems.
On the other side, for applications, a better understanding of the functioning of
ANN’s could be useful to improve the architectures themselves. To increase perfor-
mances, models are constantly increasing their dimension, in a phenomenon called
parameter proliferation. The most powerful ones need huge amounts of electricity
to be trained, turning this technology against ecological issues. It’s possible that
understanding better the way they work could open the possibility to reduce their
dimension and to make them more efficient. Even if the models inherently need
giant dimensions to work properly due to some sort of general principles not yet
definitively understood, theoretical knowledge could bring to eliminate unnecessary
architectures features or let developers to focus on the most important features of
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the models.
These ideas, although they are mainly speculations at the moment, represent the
underlying reasons for the effort of focusing on a theoretical approach to machine
learning.

One of the recent breakthroughs has been the development and implementation of
Transformer architectures in machine learning. Transformers, introduced in the sem-
inal paper [Vas+17], have revolutionized the landscape of deep learning, particularly
in the realm of natural language processing (NLP) [Khu+23].
Transformers are based on the concept of attention, enabling the model to dynami-
cally focus on different portions of the input data by assigning different weights or
’attention scores’. This mechanism allows Transformers to handle long-term depen-
dencies effectively, making them particularly suitable for very complex tasks, such
as text and speech processing, machine translation or natural-language generation.
Recently, in [Ram+20], the attention mechanism at the heart of transformers has
been demonstrated to be closely related to the modern Hopfield model, the main
object of the present work. This fact suggests that the fundamental models stud-
ied in statistical mechanics before the current deep learning revolution could still
be relevant in order to achieve a theoretical understanding of deep architectures,
particularly in the case of new appropriate models generalizations.

1.2 The original Hopfield model

1.2.1 From biological to artificial neural networks

Biological neural networks are made of neurons, each of which receives signals from
many other neurons and transmits signals through a single axon. In the process of
building a simple model of a neural network inspired by biological ones, a fundamental
fact known from biology is that between neurons there is a continuous exchange of
all-or-nothing signals. Without going too deep into biology, the all-or-nothing law
refers to the observed fact that along an axon an excited neuron can produce its
maximal response, or no response at all, and not a continuous signal. This law justify
a discrete variables model of a neural network, assigning each of the N neurons
making up the network the values σi = {−1, +1}.
A discrete-time model of this process could be written as

σi(t + ∆t) = sign(
∑

j(̸=i)
Jijσj(t) − θi) (1.2)

where Jij encodes the connections between neurons, and
∑

j(̸=i) is defined as the
sum over all j apart from i. We consider a fully-connected network in which all
neurons are connected, and we think about the learning of the model as a process in
which the couplings Jij between neurons are tuned by external stimuli.
So, at time t + ∆t, the binary neuron σi takes the input from every other σj at
time t, modulated through synaptic weights Jij , and then if this signal is bigger
than a certain threshold θi the neuron fires through his axon. In this model, the
information to do any possible function that a brain is required to do has to be
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written in Jij and in θi. However, for the sake of simplicity, for the rest of the work
we assume θi = 0 for every neuron.
From now on, we focus on the particular function of memory. Images, sounds
or in general physical experiences are described in terms of firing patterns in the
brain. Then, we imagine that a memory consists in the storage of a firing pattern
ξ⃗ ∈ {−1, +1}N . We model the memory functioning as a process in which, starting
from a corrupted version of one memory stored, the network has to be capable
of retrieving the (almost) complete information. That is, in our framework, if we
consider a certain state of a system ξ⃗ as a memory, we want to define a choice of the
couplings Jij such that the system converges to this firing pattern ξ⃗ starting from a
configuration at a given Hamming distance from it.
Starting from experimental evidence of 40’s by Donald Hebb, it was hypothesized
that "cells that fire together, wire together". It means that, in the process of
retrieving a memory ξ⃗, when it happens that the neuron σj fires just before σi, the
weight Jij gets more positive. This idea was hypothesized to be at the foundation of
neural plasticity, that is the ability of the brain to change the synaptic weights in
the process of learning a new memory. The most interesting feature of this model
of neural plasticity is that it is local: two neurons change their reciprocal weights
using only the local property of firing correlation.
If the model has only one single memory ξ⃗, the Hebb’s idea is implemented in the
Hopfield model defining

Jij := ξiξj (1.3)

To understand the relation of this rule with the Hebb’s idea, let’s take spins σi = {0, 1}
(also Jij = {0, 1}), interpreted as firing or not firing a signal to other neurons. If the
neural network is exposed to an input ξ⃗, if ξi = 1 and ξj = 1, σi and σj are firing
together. In this case using Eq. 1.3 the coupling Jij = 1, and so there is an attractive
coupling between them: two neurons firing together, now are wired together. In
every other case, the two neurons are not firing together, and Jij reflects the absence
of a reciprocal wiring. From this reasoning, it is straightforward to change variables
to the usual definition σi = ±1. In this case it is possible to interpret Jij = +1
when ξi, ξj had the same sign as the neural plasticity wiring neurons that both fire
together or don’t fire together, and unwiring neurons that do the opposite behaviour
(one firing, the other not).
Later, once the process of storing that memory has ended and then Jij have been
defined in according to the Hebb’s rule, the model works as an associative memory,
at least for the retrieval of a pattern if only one single spin is σi ̸= ξµ

i . This is true
because with this prescription when all σj(t) = ξj apart from σi, using the Eq. 1.2
that neuron will be set to

σi(t + ∆t) = sign

∑
j( ̸=i)

Jijξj

 = sign

∑
j(̸=i)

ξiξjξj

 = sign(Nξi) = ξi

Then, with the Hebb’s prescription in Eq. 1.3, if the system is in the proximity of a
memory, it will converge to it.
Now, if we have a number P of memories ξ⃗µ ∈ {−1, +1}N to be remembered, we
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can generalise Hebb’s idea defining

Jij = 1
N

P∑
µ=1

ξµ
i ξµ

j (1.4)

This is useful to store memories because we can see from the dynamics in Eq. 1.2
that, if the system is already in the memory ξ⃗µ

σi = sign

∑
j(̸=i)

Jijξµ
j

 = sign

 1
N

∑
j(̸=i)

∑
ν

ξν
i ξν

j ξµ
j


Using the approximate orthogonality between random patterns for the number of
neurons N ≫ 1

1
N

∑
j(̸=i)

ξµ
j ξν

j = δµν + O
( 1√

N

)
we get

σi ≈ sign
(∑

ν

ξν
i δµν

)
= sign(ξµ

i )

and so if the system is over a memory, it is stable. However we have neglected the
role of the O( 1√

N
) term, and as we will see in the next section this approximation

works only until a certain P value, after which the system is not stable anymore
when initialized over memories.
In the next section we will see that the dynamical rule in Eq. 1.2 with the choice of
Jij in Eq. 1.4 coincides exactly to the original formulation of the Hopfield model: in
particular, it is exactly the Metropolis dynamics at zero temperature.

1.2.2 The Hopfield model

In the Hopfield model the Hamiltonian is defined as

H = − 1
N

P∑
µ

N∑
(i,j)

ξµ
i ξµ

j σiσj (1.5)

where ξ⃗µ, with µ = 1, ..., P , are P random generated patterns, and N is the number
of discrete variables σi ∈ {−1, +1}. With the notation

∑
(i,j) it is meant to sum over

all the couples (i, j) taken only once, without the diagonal terms, that is when i = j.
For example the term (1, 2) has to be taken, but then (2, 1) has to be excluded. The
reason is that these two terms are equal and then it is a waste of computational
power to consider them both and then to divide all by two. Defining the couplings
matrix Jij as

Jij := 1
N

P∑
µ

ξµ
i ξµ

j (1.6)

it is possible to write

H = −
N∑

(i,j)
Jijσiσj (1.7)
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In statistical mechanics, given an Hamiltonian, a probability measure is defined for
each possible state of the system:

P (σ⃗) = f(H[σ⃗], {A}) (1.8)

where {A} is a set of parameters of the system. In the fixed-temperature case the
relevant parameter is β := 1/T , being T the temperature, and the measure is the
Gibbs one:

P (σ⃗) ∝ exp(−βH[σ⃗]) (1.9)

In the Hopfield case the temperature is intended as the level of noise in the system,
namely how much probable is that during a dynamic a move that increases the
energy is accepted. The Metropolis dynamics is defined updating one randomly
chosen σi at a time with the prescription

σi(t + ∆t) =
{

σi(t) with probability min(eβ∆E , 1)
−σi(t) otherwise

(1.10)

where ∆E := E(−σi(t)) − E(σi(t)) is the difference of energy of the system that
would occur flipping a spin.
The zero-temperature dynamics of this algorithm is

σi(t + ∆t) =
{

σi(t) if ∆E > 0
−σi(t) otherwise

(1.11)

Using the variable

δ :=
{

∆E if σi(t) = +1
−∆E otherwise

(1.12)

for the Hopfield model the prescription in Eq. 1.11 becomes

σi(t + ∆t) =
{

+1 if δ > 0
−1 otherwise

(1.13)

Thus, in the case of the zero-temperature Hopfield models investigated throughout
the work, this algorithm become

σi(t + ∆t) = sign

∑
j(̸=i)

Jijσj(t)

 (1.14)

updating asynchronously a random chosen spin σi. With the notation
∑

j( ̸=i) it is
intended the sum over all j except the case j = i. The fundamental observation is
that this equation is exactly the dynamical Eq. 1.2 of a neural network with the
simplifications presented in the previous section. Therefore, the Hopfield model is
the statistical mechanics analogous of the Hebb’s neural network.
Finally, summing up, the dynamics 1.14 it’s interesting from a neural networks
perspective because it can be interpreted as a binary neuron σi, like a biological
one, receiving the signals of all the other ones modulated from synapses weights Jij

constructed through the Hebb’s rule.
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1.2.3 The spin glasses and the relation with SK model

Relation of Hopfield with the spin glass theory

The Hopfield model with the Hamiltonian defined in Eq. 1.5 belongs to the category
of disordered systems because the couplings Jij as defined in Eq. 1.6 between
variables are randomly cooperative (positive) or anti-cooperative (negative).
As opposed to ordered systems such as ferromagnets in which it is possible to satisfy
all bonds at the same time, the presence of positive and negative couplings could
lead to frustration, a phenomenon in which to satisfy some bonds it is necessary to
unsatisfy others. From an energy point of view, frustration creates the possibility
for variables to make not trivial rearrangements of bonds that will decrease in the
end the total energy, but in this process it could requested to break other already
present bonds.
The presence of this possibilities makes the energetic landscape highly complex
due to the presence of many local minima, among which it’s highly non-trivial to
find ground states, or even possible lower energy states starting from a certain
configuration.
In Hopfield model most of these minima are not directly correlated to the patterns
ξ⃗µ of the system, and then they are called uninformative or spurious minima, to
distinguish them from the minima that contain the patterns to be retrieved. This
phenomenon in which are present many minima and the energetic landscape is highly
non-convex will be referred to as generically the roughness of the landscape.
It is possible to formalize the definition of roughness in a mathematically rigorous
way, but in this work this phenomenon will be analyzed and referred to in a more
qualitative than quantitative way. In particular, given an area of the configurations
space, we describe the landscape as more rough both when there are more spurious
minima and when they increase in depth.

Spin glasses, Edwards-Anderson and Sherrington-Kirkpatrick models

From an historical point of view, the interest for disordered systems was born
with particular metallic alloys in which ferromagnetic impurities were positioned
in random places. Experimentally these alloys didn’t show the phenomenon of
magnetization for any temperature, but responded to certain kinds of magnetic
perturbations.
One interesting example was observed immersing a sample of such alloys in an
oscillating magnetic field h(t): below a certain critical temperature Tc an out-of-
phase magnetic susceptibility χ′′ was present.
One important model of the behaviour of such metallic alloys was the Edwards-
Anderson model [EA75]. Given N Ising variables σi = ±1, the Hamiltonian is
defined as

H = −
∑
⟨ij⟩

Jijσiσj (1.15)

where ⟨ij⟩ means that the sum has to be computed over every neighboring couple
of spins σi and σj in the lattice of variables, and Jij is the coupling matrix. This
matrix have both ferromagnetic and anti-ferromagnetic values, extracted from a
probability distribution, with mean J0 and a variance J2 = O(1).
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As for the alloys from which this model is inspired, calling mi := ⟨σi⟩, the magneti-
zation

M := 1
N

∑
i

mi (1.16)

is near zero for every temperature, and so it cannot be used as the order parameter
of the system such as for ordered magnetic models. Instead, the order parameter
was defined as

qEA := 1
N

∑
i

m2
i (1.17)

and there is a critical temperature dividing the cold phase qEA > 0 from the hot
phase with qEA = 0.
The main difficulty of this model is that the variables are defined on a lattice, making
computations difficult to carry out. For this reason the Sherrington-Kirkpatric
model was studied, the infinite range version of the Edwards-Anderson spin glass.
So, the difference is that in the former the interaction network is fully-connected,
instead in the latter the spins are in a lattice and interact only with their neighbors.
This difference changes completely the difficulty of treating the models analytically,
because in a fully-connected model it’s possible to use mean-field methods, such as
the Thouless-Anderson-Palmer (TAP) equations [TAP77]. In particular, for this
model it is possible to make computations with the replica method, as done firstly by
G. Parisi [Par80], and to obtain an analytical thermodynamical equilibrium solution.
The Hamiltonian of this model is defined as

H = −
∑
(i,j)

Jijσiσj (1.18)

where couplings are random extracted binary or standard Gaussian variables, for
example from the distribution

P (Jij) =

√
N

2πJ2 exp
{

− N

2J2

(
Jij − J0

N

)2
}

(1.19)

and therefore
Jij = O

( 1√
N

)
(1.20)

making the Hamiltonian correctly defined as an extensive quantity.

From Hopfield to SK model

It’s interesting to observe that the Hamiltonian of the Hopfield model in the form
1.7 and the Sherrington-Kirkpatric model defined in Eq. 1.18 have the same form.
The difference is that in the latter the couplings matrix Jij is a random Gaussian
matrix, so it has not an internal structure like the Hopfield model’s one.
In particular, there is a case in which the two definitions coincides, that is{

P = αP N

αP → ∞
(1.21)
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In this limit the Hopfield coupling matrix for the Central Limit Theorem (CLT)
tends to a random Gaussian matrix, just like in the SK model, and

Jij = 1
N

P∑
µ

ξµ
i ξµ

j −→ O(
√

P )
N

= O

( 1√
N

)
(1.22)

thus it has the same scaling with N as for the Jij of the SK model.

1.2.4 Statistical mechanics of the Hopfield model

The Hopfield network is an interesting model due to its associative memory behaviour.
Given an appropriate choice of the parameters (P, N, T ) that makes the system be
in the so called retrieval phase, if the system is initialized near enough a certain
memory ξ⃗µ (that will be also referred to as pattern), it will do a dynamic according
to Eq. 1.14 such that the final state will be close enough to this pattern ξ⃗µ.
The similarity between a system configuration σ⃗ and a given pattern ξ⃗µ is quantified
via

mµ := 1
N

∑
j

ξµ
j σj (1.23)

The maximum value of them is defined as

m := maxµ(|mµ|) (1.24)

and corresponds to the order parameter of the system, where the absolute value is
used because the Hamiltonian is symmetric to global spin inversion. This quantity
m ∈ [0, 1], where the value 1 indicates that the system is exactly on a memory,
instead a value near to zero means that the system is almost perpendicular to all
memories.

Thermodynamics

Figure 1.1. The phase diagram of the system studied with replica method in [AGS85].
Figure from [Nis01].
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The thermodynamics of the original Hopfield model has been studied and understood
extensively in 80’s. The main result (obtained in [AGS85]) using the replica method
is that the phase diagram is subdivided between a paramagnetic, a spin glass and a
retrieval phase, as described in Fig. 1.1.
In general, as described in Eq. 1.8 and in Fig. 1.1, the system can be studied at
any temperature T. However, from now on, in this work will be considered only the
T = 0 case.
In particular, as we can see from the figure, at T = 0, if α := P

N is bigger then the
critical value αc ≈ 0.138, the system is in a spin glass phase and it’s not possible
to store memories, being them unstable states. Instead, below αc the memories
are stored but they are metastable states. Finally, below α ≈ 0.05 not only the
memories are stored, but they are also the equilibrium states of the system.

Dynamics

Figure 1.2. An example of the evolution of the observables mµ(t) starting from a random
state, in a regime where dynamics usually converge to a memory also starting from a
random configuration. After some ∆t the system is attracted by a single memory, and
the dynamics converges rapidly leaving all other mν near to zero. Being the dynamics
and the variables discrete, if it is reached a state that has point stability (as defined in a
while), the dynamics stop and the reached point is the final state of the system.

The analysis of the thermodynamics of a statistical mechanics system is a fundamental
step in the comprehension of its properties. However, in disordered models such as
a Hopfield neural network, often complex dynamical properties are present and can
influence considerably the real behaviour of the system. Given that, beyond the
thermodynamics, it is of central importance to study the dynamics of the models.
Depending on the parameters of the model P, N, T , and on its initial state σ⃗(0) the
system shows different behaviours. As already stressed the interesting behaviour of
the network is its associative property, and so the interesting regime is the retrieval
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phase in Fig. 1.1.
In the retrieval phase, namely if α < αc, if the initial state σ⃗(0) is close enough to a
memory ξ⃗µ, the system will evolve until it will stop close or above the state σ⃗ ≡ ξ⃗µ.
However, if the system starts from a random configuration, and then with high
probability nearly perpendicular to all patterns, it’s not true in general that it will
evolve to reach a certain memory. As described in Fig. 3.1 and in Chapter 3 in
general, only for some choices of parameters the dynamics are typically attracted by
a memory, in a phase we call retrieval from random phase. An example of a dynamic
in this phase is presented in Fig. 1.2. Note that in the example α = 50/10000 ≪ 1.
As it will be shown in Chapter 3, the regime in which the retrieval from random
happens is with a sublinear P with respect to N , that in the N → ∞ limit means
α → 0.

Attractors and basins of attraction

The "basin of attraction" of a certain pattern ξµ is defined as the ensamble of states
such that starting from them the system will converge to mµ ≈ ±1. Although it is a
simple notion to define, it can be quite difficult to be analyzed properly, because in
principle we should know every starting state σ⃗(0) that converges in that memory.
A simple way to have an idea of the typical dimension of the basins given certain
parameters is presented in Fig. 1.3: we simulate the final magnetization from a
memory starting from random points at a specific magnetization min, and the range
of min values from which it is possible to magnetize is a measure of the typical
amplitude of basins of attraction. The resulting plot is called the retrieval map.

(a) (b)

Figure 1.3. Retrieval maps for two different α values, in which it is measured the final
magnetization mµ starting from an initial magnetization mµ

in. The points in min = 0
corresponds to random initialization, the case presented in Fig. 1.2. (a) Basin of
attraction at α = 0.10, below αc (b) Same, but with α = 0.15 > αc. It’s possible to
observe that in the retrieval phase the basins are non-zero, meaning that starting from a
certain finite distance from a memory typically it will be recalled. Instead, in the spin
glass phase usually the memories are unstable, meaning that it’s not possible to have a
memory as an exit state, even if it coincides with the initial configuration.
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During the present work, three conceptually different meaning of stability will
be referred to:

• The point stability is the ability of a memory to be stable, that means that
starting from it the system won’t move. However, as it will be discussed later,
it is possible that the system will do some moves, so in this definition it is
tolerated that the system moves if it remains very close to the starting pattern.
This kind of stability is the object of the study of the storage phase of the
models in Chapter 2. In the rest of the work, the line in the (αP , αD) of
the phase diagram that demarks the storage phase will be referred to as the
spinodal line of point stability.

• A pattern is locally stable when it has a non-vanishing basin of attraction. The
local stability is a sufficient condition for the point stability; the opposite isn’t
true. If almost all memories have local stability, the system is a model of an
associative memory.

• A pattern is a global attractor if starting from random with high probability the
starting state is inside the basin of a pattern, and so it will converge to m ≈ 1.
In particular the analysis in Chapter 3 will be focused on the parameters
choices in which the configurations space is almost entirely occupied by basins
of attractions of patterns.

Note that retrieval maps contain the information about the three different types of
stabilities:

• Point stability occur when mout(min = 1) ≈ 1.

• Local stability is when mout(min) ≈ 1 for a finite range of min < 1.

• Global attractiveness when mout(min = 0) ≈ 1.

1.3 The modern Hopfield
The original Hopfield model has been a long studied neural network model and the
starting point for a conceptual framework of the usage of statistical mechanics into
the field of artificial neural networks. However, in this form presented until now
the model has not the characteristics to be used or compared to modern artificial
neural networks, being too limited in it’s performances, as described in Sec. 1.1.2.
In particular the presence of a critical value of capacity αc if the number of patterns
P is O(N), makes the amount of memories that can be stored too limited for any
real-world application.
In recent years new generalizations have proven to be capable of storing much more
memories, such as a polynomial function of N [KH16] or even a exponential number
[LM23] of them, changing completely their performances. In the first case [KH16],
the Hamiltonian of the system is defined as

H = −
P∑
µ

F

(∑
i

ξµ
i σi

)
(1.25)
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in which we choose

F (x) =
{

xr if x ≥ 0
0 otherwise

(1.26)

This prescription is necessary in the odd r case, because without that the memories
would not be attractors, being x → −∞ instead of x = 0 the minimization of the
energy. In the case of even r this problem it’s not present, then it’s possible to define
only

F (x) := xr (1.27)

During this work it will be studied only the r = 2 and r = 4 cases to overcome the
presence of this difference and to simplify the analytical computations, not exploring
the intermediate case r = 3. The goal it’s to observe what differs increasing the r
value from 2 to a bigger value, leaving a more complete treatment of the odd cases
to further works.
We observe that if r = 2 in Eq. 2.1, it is again the standard Hopfield but without
the prescription i ̸= j in the energy. It’s possible to show that if r = 2 the two
definitions of the energy are equal apart from the diagonal terms, which sum up to
an irrelevant constant. Instead if r > 2 there are non-constant terms and so it is
necessary to be careful on the precise form used.
For a general r we have

E = −
P∑
µ

(
N∑
i

ξµ
i σi

)r

= −
∑

µ

∑
i1,...,ir

ξµ
i1

· · · ξµ
ir

σi1 · · · σir = −
∑

i1,...,ir

Ji1,...,ir σi1 · · · σir

(1.28)
having defined the tensor of the couplings as Ji1,...,ir :=

∑P
µ ξµ

i1
· · · ξµ

ir
.

If we have the couplings matrix J, it is simple to define the dynamical rule to update
a single spin based on the value of the local field

σi(t + 1) = sign

 ∑
i2,...,ir

Ji,i2,...,ipσi2(t) · · · σir (t)

 (1.29)

This definition scales poorly with the growing of the exponent r, because the J
couplings tensor has to be created from the patterns ξ⃗µ and has a dimension
Z(N×···×N(r times)). For example in the r = 4 case analyzed in this work to compute
the tensor there are PN4 operations to be done, making the tensor generation an
operation completely impossible to accomplish with a normal computer cluster, even
for very low sizes.
However, it is possible to define the update rule without computing the tensor J
at all, using the modern formulation with the polynomial energy. In fact, for the
Metropolis algorithm in this case, to decide the next move it is sufficient to know
the value

δ(t) =E(σi(t) = +1) − E(σi(t) = −1) =
P∑

µ=1
F

ξµ
i +

∑
j(̸=i)

ξµ
j σj(t)

− F

−ξµ
i +

∑
j( ̸=i)

ξµ
j σj(t)


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and then from Eq. 1.12

σi(t + 1) =sign [δ(t)] =

sign

 P∑
µ=1

F

ξµ
i +

∑
j( ̸=i)

ξµ
j σj(t)

− F

−ξµ
i +

∑
j(̸=i)

ξµ
j σj(t)

 (1.30)

With a trivial algorithm, one single update of the system that consists in updating
once all N spins σi(t + 1) picked in a random order, has a cost of PN2 operations,
without difference for any r value. However, computing before the start of the
dynamics the values

V µ(0) :=
∑

j

ξµ
j σj(0)

the single spin update algorithm becomes

σi(t + 1) = sign

 P∑
µ=1

F (ξµ
i + V µ(t) − ξµ

i σi(t)) − F (−ξµ
i + V µ(t) − ξµ

i σi(t))



V µ(t + 1) =
{

V µ(t) if σi(t + 1) = σi(t)
V µ(t) + 2ξµ

i σi(t + 1) otherwise
(1.31)

Both the moves have a cost of P operations, and then to update N spin with this
algorithm the total cost is of PN operations, an acceptable cost to simulate big
enough N sizes (for example N ≈ 104 if P ∝ N) on a typical computer cluster.
In this work we will study r = 2 and r = 4 networks, that are not exactly the same of
the 2-spins and the 4-spins Hopfield models, that as we have seen have an excessive
computational cost. However, in the next two sections we will compute the relation
between the two models in the two cases. We will see that for r = 2 the difference is
irrelevant from a point of view of dynamical behaviour, instead in the r = 4 there is
a non-constant term which makes the two systems in principle different. However,
the same results were obtained using the two different formulations in all phenomena
analyzed. For this reason, in all the results presented we will refer using the r value
both to r-spins models and polynomially-defined Hamiltonian with the exponent r.
Moreover, through the relations between the two formulations, it is possible to use
the energy-based algorithm to simulate also the 2-spins and the 4-spins models.

1.3.1 Relation between 2-spin model and r = 2 polynomial Hopfield

Defining H2,r the Hamiltonian of the r = 2 energy-based system and H2,H the one
of 2-spins Hopfield, the only difference is that the second one has the prescriction
j ̸= i in the sum. To find the relation between them

H2,r = −
∑

µ

∑
j

ξµ
j σj

2

= −
∑

µ

∑
i,j

ξµ
i ξµ

j σiσj = −2
∑

µ

∑
(i,j)

ξµ
i ξµ

j σiσj

−
∑

µ

∑
i

1 = 2H2,H − NP

(1.32)
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It means that the 2-spin Hopfield model can be obtained from r = 2 polynomial
Hopfield with the relation

H2,H = H2,r + NP

2 (1.33)

In particular, apart from additive and multiplicative constants H2,H ∝ H2,r, meaning
that a dynamical algorithm field-based or energy-based will always have the same
probability of flipping each spin (1 or 0 in the zero-temperature scenario).

1.3.2 Relation between 4-spin model and r = 4 polynomial Hopfield

Defining H4,r the Hamiltonian of the r = 4 energy-based system and H4,H the
4-spins Hopfield model

H4,r = −
∑

µ

(∑
i

ξµ
i σi

)4

= −
∑

µ

∑
i1i2i3i4

ξµ
i1

ξµ
i2

ξµ
i3

ξµ
i4

σi1σi2σi3σi4

Calling A := ξµ
i1

ξµ
i2

ξµ
i3

ξµ
i4

σi1σi2σi3σi4 it is possible to write

H4,r = −4!
∑

µ

∑
i1<i2<i3<i4

A − 6
∑

µ

∑
i1=i2 (̸=i3 ̸=i4),i3( ̸=i4),i4

A − 3
∑

µ

∑
i1=i2( ̸=i3),i3=i4

A

− 4
∑

µ

∑
i1=i2=i3 (̸=i4),i4

A −
∑

µ

∑
i1=i2=i3=i4

A =

4!H4,H − 6 · 2N
∑

µ

∑
(i3,i4)

ξµ
i3

ξµ
i4

σi3σi4 − N2P − 4 · 2
∑

µ

∑
(i3,i4)

ξµ
i3

ξµ
i4

σi3σi4 − NP

So, in the limit N ≫ 1

H4,H = 1
4!(H4,r + 12NH2,H + N2P ) (1.34)

It means that the 4-spins Hamiltonian equals the polynomially defined r = 4 model,
minus a correction equals to a 2-spin Hamiltonian. So, the quantitative results for
the 2-spin model are not the same as for the r = 2 Hopfield. Anyway, through this
relation, we can always use a energy-based algorithm to compute the 4-spin Hopfield
model such as the one described in Eq. 1.31, with the computational advantage of
the energy-based algorithm.

1.3.3 Modern Hopfield increases dramatically the storage capacity

The main difference, when r>2, is that the maximum capacity of the network
becomes superlinear in N, at variance with the linear scaling with N of capacity for
the r = 2 case. If we call P max the critical capacity, that is the maximum number
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of patterns that can be stored - namely that have point stability, as defined before -
it grows like [KH16]:

P max = αmaxN r−1 (1.35)
where αmax is a coefficient that depends on the exponent r of the energy function
F (x). In particular, this result will be obtained again in Eq. 2.11.

(a) (b)

Figure 1.4. Comparison of the capacity in the generalized Hopfield model between r = 2
and r=4. The system is prepared upon a memory, it evolves freely, then the final
magnetization is measured. A number of random patterns equal to P = αNr−1 are
generated for each value of α. The storing capacity increases dramatically: in the
standard Hopfield case (a), the critical capacity provided by replica computation (dotted
line) means that with N = 8000 it is possible to store P ≈ 1100 memories. In the
modern Hopfield r = 4 case (b), due to superlinear behaviour, to have the possibility to
simulate models that reach the critical capacity, it is necessary to decrease sharply the
size of them. For example, with N = 300, we can see that at α = 0.01 the patterns are
locally stable, even if they are a huge number: P = αN3 ≈ 270000.

1.4 The random features generalization
The second generalization that will be investigated in this work is related to patterns
ξ⃗µ generation [Méz17] [Neg+23]. The Hamiltonian is the same as in Eq. 1.5:

H = − 1
N

P∑
µ

N∑
(i,j)

ξµ
i ξµ

j σiσj (1.36)

In the standard model the patterns are chosen in a uncorrelated way, thus every
value ξµ

i is chosen uniformely in {−1, +1}. Instead, as in this generalization, patterns
are said to be correlated in a combinatorial way if, taken D factors (also referred to
as features or subpatterns) f⃗k ∈ {−1, +1}N , with k=1,...,D, extracted in a random
uniform way, patterns are generated with the rule

ξµ
i = sign

(
1√
D

D∑
k

cµ
kfk

i

)
(1.37)
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where cµ
k are i.i.d. variables, for example standard Gaussian or uniformly distributed.

The correlation between patterns is chosen as in Eq. 1.37 because we want to
model the presence of an internal intrinsic representation of data, following the
hidden manifold model [Gol+20]. We are creating a dataset of patterns ξ⃗µ that
are a projection in the configurations space {−1, +1}N from an hidden manifold of
variables f⃗k.
In this model two different kinds of α are defined:

1. αP is defined from the number P of patterns: for example if it’s considered a
linear relation between P and N, αP := P/N .

2. αD is defined from the number D of factors, for example in the linear scenario
αD := D/N .

Figure 1.5. Capacity analysis with r=2, but with data correlated through D subpatterns,
and N=10000. When αD grows up, patterns ξ⃗µ becomes less and less correlated due
to the combinatorial construction in Eq. 1.37, then when αD −→ ∞ we have to obtain
again the standard Hopfield capacity plot in Fig. 1.4 (a).

1.5 Storage, learning and generalization in the Hopfield
model

In this paragraph it will be explained in which way the random-features Hopfield
model is linked to the storage, learning, generalization concepts of modern machine
learning, described in Sec. 1.1.1.
As we will see in the next section, with the signal-to-noise ratio (SNR) method it’s
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possible to show that in the Hopfield model the correlation between the energetic
landscape and the stored patterns ξ⃗µ results in the presence of minima directly upon
them, or slightly distant. When P , the number of examples P , is bigger then a
certain threshold, the patterns (and their neighborhoods) become unstable, and
so a T = 0 dynamics will drive the state of the system away from them. We call
capacity this threshold, and we call this task storage. From a computer science point
of view, as described in the Sec. 1.1.1, the exposure of the model to the patterns
is called the training phase, despite in this case it’s not a dynamical process as in
usual machine learning, being the memories inserted statically inside the coupling
matrix Jij . However, the model is exposed to this set of examples and then they
can be viewed as a the training set.

In a random-features generated dataset the P patterns ξ⃗µ are built from D factors
f⃗k. As we will see in the next sections, with some choice of parameters also the
factors become point stable states of the dynamics (or even locally stable, so with a
finite attraction basin). The ability to store and recall vectors that are not directly
the ξ⃗µ, but some building blocks of them, it’s called the learning in analogy with
this definition in the context of machine learning, as described in 1.1.1. The interest
in this phenomenon is clear in the context of the hidden manifold model, discussed
in [Gol+20].

The last definition, the generalization, as already discussed, is about the possi-
bility to use the learned feature to "recognize" new objects built from them. It’s
the most important ability of a model, and it’s possible to state that in general the
generalization is the main objective of a model construction and training.
We can imagine the data fed to a model as a cloud of points in a high dimensional
space. In this context, from a point of view of the hidden manifold model, learning
is the ability to reconstruct a useful representation of the hidden manifold inside the
model using the examples of the training. Then, after the training, the interesting
feature of a model is its capability to perform well on new and unseen example. In
the context of Hopfield models, the generalization could be imagined as the ability
to retrieve vectors g⃗s constructed starting from features f⃗k, in the same way as
patterns:

g⃗s = sign
(

1√
D

D∑
k

cs
kfk

i

)
(1.38)

but where now cs
k are new randomly generated coefficients.

Despite the relevance of generalization capabilities, in this work we will focus on the
basics of the models, with the aim of understanding the differences in the behaviour of
the models depending on the Jij definitions and the choice of parameters. An analysis
of the generalization of the Hopfield models can be done relying on the methods and
the knowledge obtained in the present work as discussed in the conclusions, and can
be viewed as the natural continuation of this work.
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Chapter 2

The SNR method and the study
of capacity with random features

In this Chapter it will be applied the method of the signal-to-noise ratio (SNR)
in order to have an analytical treatment of the capacity of the models studied
throughout this work. The SNR method was used by John Hopfield itself [Hop82],
and applied to the p-spin model by Elizabeth Gardner in the 80’s [Gar87]. This
method is used to obtain for which set of parameters patterns and factors show point
stability, and it’s characterized by simplicity and the possibility to easily interpret
its results.
The point stability in the Hopfield model it’s an important phenomena because it
represents the first step to have the retrieval mechanism working, as described in
Sec. 1.2.4. However, it’s a necessary but not sufficient condition: if the interesting
vectors have point stability but no basin of attraction, so they are not dynamically
reached, the neural network will retrieve memories only if the initial configuration is
already a memory, making the network useless.

2.1 The method
In the polynomial Hopfield network [KH16], with the Hamiltonian

H = −
P∑
µ

F

(∑
i

ξµ
i σi

)
(2.1)

using the fact that, if r is even, F (x) = xr, if the system has a configuration σ⃗ ≡ ξ⃗µ,
we have that the energy of this initial state:

Ein = −
P∑

ν=1
F

 N∑
j=1

ξν
j ξµ

j

 = −
P∑

ν=1

ξν
i ξµ

i +
N∑

j(̸=i)
ξν

j ξµ
j

r

If we flip only a single spin, so if σi = −ξµ
i :

Efin = −
P∑

ν=1

−ξν
i ξµ

i +
N∑

j(̸=i)
ξν

j ξµ
j

r
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Then the difference of the energy between the configuration aligned with a pattern
ξ⃗µ and the one with one single spin flipped is

∆E =
P∑

ν=1

ξν
i ξµ

i +
N∑

j(̸=i)
ξν

j ξµ
j

r

−
P∑

ν=1

−ξν
i ξµ

i +
N∑

j(̸=i)
ξν

j ξµ
j

r

(2.2)

If ∆E < 0 it means that the dynamical Metropolis algorithm will flip the spin. To
treat the randomness of the generated patterns, we compute the mean value and
the standard deviation of ∆E. When ν ≡ µ, we have the signal

⟨∆E⟩ = N r − (N − 2)r ≈ 2rN r−1 (2.3)

When ν ̸= µ, we have the noise

∆Enoise = 2r(P − 1)ξν
i ξµ

i

 N∑
j(̸=i)

ξν
j ξµ

j

r−1

This quantity is a gaussian random variable due to Central Limit Theorem, with
zero mean and a variance (in the limit of large N)

Σ2 ≈ 4r2 (2r − 3)!! (P − 1)N r−1 (2.4)

The configuration is unstable when < ∆E > +∆Enoise < 0, so the probability that
the single spin i is unstable in the configuration σ⃗ ≡ ξ⃗µ is

P [∆E < 0] =
∫ 0

−∞

dx√
2πΣ2

e− (x−<∆E>)2

2Σ2 =
∫ ∞

<∆E>

dx√
2πΣ2

e− x2
2Σ2 =

∫ ∞

⟨∆E⟩
Σ

Dx = H
(

< ∆E >

Σ

) (2.5)

where we have defined the integral function H(x) :=
∫∞

x Dx and the Gaussian
differential Dx := e− x2

2 dx. Now we have an expression of the probability that a
single spin is unstable when the system is initialized upon a stored pattern ξ⃗µ.
In principle, if a single spin is unstable, not necessarily the system will move much
from the starting pattern ξ⃗µ. Therefore we talk about perfect storage when all the
spins are stable, instead we refer simply to storage when the system will remain
highly correlated to the starting memory ξ⃗µ, despite some unstable spins. However,
in both cases we have point stability, and so simple storage is enough, because of
the idea that an associative memory is a system that takes a corrupted input and
retrieves the correct input, and if the latter has a certain amount of error remaining
we are still satisfied with the model.



2.1 The method 25

Now, given a certain probability C that a single spin is unstable, we have from Eq.
2.5

H
(⟨∆E⟩

Σ

)
= C (2.6)

and substituting the Eq. 2.3 and 2.4 in the last equation we obtain

H
(

2rN r−1√
4r2 (2r − 3)!! (P − 1)N r−1

)
= C (2.7)

This equation can be solved numerically, or it is possible to analyze the solution
expanding for x ≫ 1 the function

H(x) ≈ 1√
2πx

e− x2
2 (2.8)

obtaining the approximate expression

C ≈

√
(2r − 3)!!P

2πN r−1 e
− Nr−1

2P (2r−3)!! (2.9)

From this equation we can obtain the maximum scaling in N of the number of stored
patterns P to have a finite value of C: from Eq. 2.9, the relation between P and N
has to be

P = αN r−1 (2.10)

At a critical value of C will correspond an amount of unstable spins such that
typically the system initialized upon a memory will undergo a spin cascade that will
drive away the system, making the retrieval impossible. For that critical C value it
will correspond an αc, with a corresponding maximum number of stored memories

P max = αcN r−1 (2.11)

(as previously anticipated in 1.35).
The SNR method is not capable of linking C with the probability that some unstable
spins will generate a spin cascade, driving away the system from the initial memory
ξ⃗µ. The critical value of C, and also αc, can be obtained either analytically studying
the thermodynamics, for example with the replica method, or numerically, simulating
many systems and measuring from which αmax the memories are not locally stable
anymore.
The principal limitation of the SNR method is that it can only predict point stability,
but in doing so it has many advantages:

1. It’s the simplest compared to others such as replica computation.

2. It catches even more easily the scaling with N of the storage capacity P max,
that is the main interesting behavior of modern Hopfield, due to its superlinear
capacity.
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3. Even though it’s not possible to compute the critical value of C, we are not
completely ignorant about it. We know from Eq. 2.7 that for the original
Hopfield model (r = 2)

H

√N

P

 = C ⇔ H
(√

1/0.138)
)

= C (2.12)

due to the fact that in this case from replica computation we know that
αmax ≈ 0.138. Solving numerically the equation 2.12, in standard Hopfield we
have

C ≈ 0.0036 (2.13)
In principle C could depend in any way from the model, but as we will see in
the models analyzed, this value of C is not so far from the numerical results
in all different cases.

4. As we will see in the r = 4 patterns capacity, it’s possible to analyze the terms
a posteriori and to understand which of these have the main contributions in
the signal and in the noise.

2.2 Random features r = 2 model

2.2.1 SNR analysis of point stability of factors

We will describe in this section a scheme to compute efficiently an analytical approx-
imation of the spinodal line for the storage phase with the SNR method.
In the Random features model, the patterns are chosen as ξµ

i = sign( 1√
D

∑D
k=1 cµ

kfk
i ).

Then, if the system is in the configuration σ⃗ ≡ f⃗1, the difference in the energy
caused by a single spin flip would be

∆E =
∑

ν

ξν
i f1

i +
∑

j(̸=i)
ξν

j f1
j

r

−

−ξν
i f1

i +
∑

j(̸=i)
ξν

j f1
j

r

(2.14)

If we approximate sign(x) ≈ x,

∆E =
∑

ν

∑
k

cν
kfk

i f1
i +

∑
j(̸=i)

∑
k′

cν
k′fk′

j f1
j

r

−

−
∑

k

cν
kfk

i f1
i +

∑
j(̸=i)

∑
k′

cν
k′fk′

j f1
j

r

≈
∑

ν

2r
∑

k

cν
kfk

i f1
i

∑
j(̸=i)

∑
k′

cν
k′fk′

j f1
j

r−1

(2.15)

Focusing to the r = 2 case

∆E ≈ 4
∑

ν

∑
k

cν
kfk

i f1
i

∑
j(̸=i)

∑
k′

cν
k′fk′

j f1
j = 4

∑
ν

∑
k,k′

∑
j(̸=i)

Cν
kk′F k1

i F k′1
j (2.16)
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where we have defined the tensors Cν
kk′ := cν

kcν
k′ and F k1

i := fk
i f1

i .
The next step is to divide every tensor in a diagonal and an anti-diagonal part:

Cν
kk′ = Dkk′ + A(C)ν

kk′ (2.17)

where the diagonal Dkk′ has lost the index ν because if k = k′, as a side effect
cν

kcν
k′ = 1. The same is also for indexes k, k′, but these are left to remember that

this happens only when k = k′, and this information will be relevant when all the
sums will be computed.
With this notation,

F k1
i Cν

kk′F k′1
j = (Dkk′ + A(C)ν

kk′)(Dk1 + A(F )k1
i )(Dk′1 + A(F )k′1

j )

= Dk1,k′1
kk′ + Dk1A(C)ν

kk′A(F )k′1
j +

+ Dkk′A(F )k1,k′1
i,j + Dk′1A(F )k1

i A(C)ν
kk′ + A(C)ν

kk′A(F )k1,k′1
i,j

(2.18)

In equation 2.18, in principle 8 terms should appear as a result. However, the cases
with 2 diagonals and an anti-diagonal are zero because if two diagonal conditions are
true, then the third condition follows from the first two: if k = k′, k = 1, it implies
that also k′ = 1, and then A(F )k′1

j makes it impossible to meet all requirements.
Now, we have to compute the sums

∑
ν

∑
k,k′

∑
j ̸=i over the 5 terms of 2.18. In

particular, for every term the result has to be a combination of the parameters of the
model N, P, D. To compute efficiently, it is possible to follow this 4-steps procedure:

1. Every couple of index in a diagonal term will cause one of the two to be
changed for the other, erasing the sum over that index.

2. In every anti-diagonal term, if two or more couples of the same class of index
(like k and k′ or ν and µ in the next section) are present, it has to be treated
manually because other simplifications not yet considered can occur. Anyway,
in the 2.18 example this doesn’t happen, meanwhile this step will be used in
2.23.

3. Every remaining anti-diagonal tensor will generate a factor
√

N ,
√

P ,
√

D
for each of its summed indexes j, ν, k or k′ respectively. This happens as a
consequence of the central limit theorem, because a sum of N , P or D random
terms is a random Gaussian variable of order

√
N ,

√
P ,

√
D.

4. Every remaining index not yet summed and present within a diagonal tensor
(we remind, only one term for every couple), or not present at all in a given
term, generates a factor N , P or D depending on its nature (respectively, j, ν,
k and k′).

So, following these rules, and apart from irrelevant overall multiplicative constants

∆E = NP + N (
√

NPD) + PN (
√

ND) + NN (
√

PD) + N (
√

NPD2)
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where with N (
√

t) we refer to a random gaussian value of zero mean and standard
deviation t.
Now we separate ∆E between the signal and the noise, and we leave only the
dominant terms when N ≫ 1:

⟨∆E⟩ = NP

Σ2 = NP 2D + N2PD + NPD2 = NPD(P + N + D)

As we have seen in 2.6, given a probability of single spin instability C, the equation
is

H
(⟨∆E⟩

Σ

)
= C ⇔ H

(
NP√

NPD(P + N + D)

)
= C (2.19)

We can observe that right scaling for the parameters of the phase diagram to make
the Eq. 2.19 not depending on N is{

αP := P/N

αD := D/N
(2.20)

which is compatible with numerical results in Fig. 2.1.

Figure 2.1. Capacity curves at different N values, with the linear scaling predicted with
the SNR method. We can observe that using this scaling the curves overlap, confirming
that it is a correct scaling to make the systems critical capacity not depending from N.
Moreover, the curves are compatible with the critical capacity computed using Eq. 2.21
with the value αP = 0.5.

The equation for the single spin instability with probability C is
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H
(√

aP

αD(αP + 1 + αD)

)
= C (2.21)

The solution of this equation in (αP , αD) is an implicitly-defined curve, that is the
spinodal line for factors point stability. In Fig. 2.2 it is plotted the solution of this
equation, obtained with a recursive numerical method, compared to the numerical
results. The analytical and the numerical predictions are in a good agreement, even
though the C value used is the one of the original Hopfield model, which is the
2-spin uncorrelated patterns network.
The result is that in the upper-left part of the phase diagram the factors have point
stability, and inside that area there is the retrieval phase of factors. In particular,
as αP increases, the number of factors D = αDN that can be stored increases too.
But, as it is suggest from the big αP case ((b) in the figure), the maximum value
of αD can grow up only until a finite value αD reached ideally when αP → ∞, and
this value seems to be similar to the αc ≈ 0.138 of the original Hopfield model.

(a) (b)

Figure 2.2. Numerical simulations (in background) of many models for many choices of
parameters (αP , αD), with superimposed the red line that is the numerical solution of
Eq. 2.21, that is the analytical prediction of the spinodal line separating models with
point stable factors from model without this capability. For numerical simulations, every
image is the smoothing of ≈ 30 × 30 equally spaced points in a square grid. Every
point consists in 3 different realizations of the random factors and patterns for the
correspondent (αP , αD) parameters. For each realization, 10 simulations are carried out,
in which the initial point is a different random factor fk of the same model. Finally the
colour of the point corresponds to the mean value of the final factor magnetization µk

over all 30 simulations. In particular, the red curve corresponds to C=0.0036, that is
approximately the correct value for the standard Hopfield model. Both in the small (a)
and big (b) αP cases, the red curve coincides almost perfectly to numerical simulations,
even though the C value is the original Hopfield one.
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Box 1: The procedure to apply SNR method
to the random features Hopfield models

1. Define tensors grouping couples of variables.

2. Divide every tensor in a diagonal and an anti-diagonal part.

3. Do all the multiplications between tensors, erasing logically inconsistent
terms (for example a term in which k = k′, k = 1, and k′ ̸= 1).

4. Every diagonal tensor cancels a sum over one of the summed indices in
every couple, making it equal to the other of its couple.

5. Inside anti-diagonal terms, when other simplifications can occur they
have to be manually treated.

6. The sum over an index of an anti-diagonal tensor is evaluated with
Central Limit Theorem, giving factors N (

√
N), N (

√
P ) or N (

√
D)

depending on the nature of the index.

7. Every index missing or present in a diagonal term and not yet summed
is the counting of the same quantity repeated: if j is missing, a factor
N ; if ν is missing, a factor P ; if one of k, k′ is missing, a factor D.

8. Divide between signals and noises, define P and D with αP and αD

parameters using a scaling that cancels N terms in the ratio between
signals and noises, and finally choosing a value of the parameter C, the
numerical solution of the equation 2.6 is the spinodal line.

2.2.2 SNR analysis of point stability of patterns

Placing the system upon a memory σ⃗ ≡ ξ⃗µ the difference in energy flipping a spin is

∆E =
∑

ν

2rξν
i ξµ

i

∑
j(̸=i)

ξν
j ξµ

j

r−1

With r=2, using the combinatorial patterns definition, we neglect non-linearity to
make the calculations simple, and then we do the approximation sign(x)≈x:

∆E = 4
∑

ν

∑
l

cν
l f l

i

∑
k

cµ
kfk

i

∑
j(̸=i)

∑
l′

cν
l′f

l′
j

∑
k′

cµ
k′f

k′
j

Using the same notation as in the previous section, apart from irrelevant overall
multiplicative constants,

∆E =
∑

j(̸=i)

∑
ν

∑
k,k′

∑
l,l′

F kl
i Cµ

kk′C
ν
ll′F

k′l′
j (2.22)



2.2 Random features r = 2 model 31

Now splitting the argument between diagonals and anti-diagonals

F kl
i Cµ

kk′C
ν
ll′F

k′l′
j = (Dkl + A(F )kl

i )(Dkk′ + A(C)µ
kk′)(Dll′ + A(C)ν

ll′)(Dk′l′ + A(F )k′l′
j )

The result of this product is made of 16 terms. However, the 4 terms in which
we take three diagonals and an anti-diagonal are equal to zero due to logical
consistency. For example, DklDkk′Dll′A(F )k′l′

j = 0 because the first three terms
gives us k = l = k′ = l′ and that’s incompatible with the prescription of the A that
k′ ̸= l′. The remaining 12 terms of Eq. 2.22 are

Dkk′,ll′

kl,k′l′ + Dkl
kk′A(C)ν

ll′A(F )k′l′
j + Dkl

ll′A(C)µ
kk′A(F )k′l′

j + Dkl
k′l′A(C)µ,ν

kk′,ll′+

DklA(C)µ,ν
kk′,ll′A(F )k′l′

j + Dkk′,ll′A(F )kl,k′l′

i,j + Dkk′,k′l′A(F )kl
i A(C)ν

ll′+

Dkk′A(F )kl,k′l′

i,j A(C)ν
ll′ + Dll′,k′l′A(F )kl

i A(C)µ
kk′ + Dll′A(F )kl,k′l′

i,j A(F )k′l′
j +

Dk′l′A(C)µ,ν
kk′,ll′A(F )kl

i + A(C)µ,ν
kk′,ll′A(F )kl,k′l′

i,j

(2.23)

Computing the six sums
∑

j

∑
ν

∑
k,k′

∑
l,l′ , all the terms follows the same simple

summation rules explained in the previous section.
However, the 4 terms including the tensor A(C)µ,ν

kk′,ll′ have to be carefully analyzed
because the not summed index µ can be equal to ν, and in this case an index can
disappear, changing the result over the six sums (the same cannot happen with
A(F )kl,k′l′

i,j , because i ̸= j. Of this 4 terms, only the signal ND2 is big enough to be
meaningful in the thermodynamic limit.
So, overall, the signal is

⟨∆E⟩ = NPD + ND2

and the noise
Σ2 = NPD2(NP + PD + ND + D2)

We observe that, as for factors when r = 2, again a linear scaling definition for the
parameters αD and αP is the correct choice to have signal and noise to be of the
same order with N : {

P = αP N

D = αDN
(2.24)

This prediction is consistent with the numerical capacity curves presented in Fig.
2.3.
The equation for the spinodal line of the retrieval of patterns is

H
(√

(αP αD + α2
D)2

αP α2
D(αP + αP αD + αD + α2

D)

)
= C (2.25)
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Figure 2.3. Capacity curves at different N values, using the linear scaling predicted with
the SNR method. In this scaling the curves overlap and are compatible with the critical
capacity computed using Eq. 2.25 with the value αD = 0.5. As in the phase diagrams of
Fig. 2.4 the SNR prediction underestimate the numerical critical capacity.

(a) (b)

Figure 2.4. Numerical simulations (in background) of many models for many choices of
parameters (αP , αD), with superimposed the red line that is the numerical solution of
Eq. 2.25, that is the analytical prediction of the spinodal line separating models with
point stable patterns from model without this capability. The numerical simulations
are performed and represented as described in Fig. 2.2. The numerical and analytical
results are in a good agreement, and the overall behaviour of the factors point stability
phase is similar to the one of the r = 2 case. In particular, the retrieval phase of factors
in this model is a subset of the yellow area.

In Fig. 2.4 it is presented the comparison between the solution of this equation
that is the pattern point stability spinodal line, and the numerical results. Again
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the two predictions are compatible, even if this time they are in a lesser agreement.
To have patterns point stability, the area of the phase diagram is the lower-right
part, where there are many factors and less patterns, the opposite of the factor case.
So, the retrieval phase for patterns is inside this area. Also in this case as factors
increases (and so αD) more patterns can be stored, and again as suggested by the
big αD graph this can continue up to an αc

P beyond which patterns are not point
stable anymore, ideally reached when αD → ∞. Also in this case that critical value
seems to be not so far from αc ≈ 0.138 of the original Hopfield model.

2.3 Random features r = 4 model

2.3.1 SNR analysis of point stability of factors

Following the SNR procedure with the scheme presented in Box 2.2.1, we start from

∆E =
∑

ν

∑
[i2,i3,<i4]( ̸=i)

∑
l,l2,l3,l4

Cν
l1,l2,l3,l4F l 1

i F l21
i2

F l31
i3

F l41
i4

(2.26)

where
∑

[i2,i3,i4](̸=i) is the sum over all i2, i3,i4 different from i.
We work out the C term anf the F terms separately, splitting them as usual between
diagonal tensors and anti-diagonals

Cν
l,l2,l3,l4 =Dl1,l2,l3,l4 + 3Dl,l2,l3A(C)ν

l4 + Dl2,l3,l4A(C)ν
l + 3Dl l2,l3l4 + 3Dl l2A(C)ν

l3l4+
+ 3Dl3l4A(C)ν

l l2 + A(C)ν
l l2l3l4

(2.27)

We repeat the operation for

F l 1
i F l21

i2
F l31

i3
F l41

i4
=D1l l2l3l4 + 3D1l l2l3A(F )l41

i4
+ D1l2l3l4A(F )l 1

i + 3D1l l2A(F )l31,l41
i3,i4

+

+ 3D1l3l4A(F )l 1,l21
i,i2

+ 3D1l4A(F )l 1,l21,l31
i,i2,i3

+ D1lA(F )l21,l31,l41
i2,i3,i4

+

+ A(F )l 1,l21,l31,l41
i,i2,i3,i4

(2.28)

Multiplying the two terms in Eq. 2.27 and 2.28, many combinations make logically
inconsistent and then zero-contributing terms. Computing the 8 sums of Eq. 2.26
over the remaining terms and using the rules described in 2.2.1, the only relevant
terms in the thermodynamic limit N → ∞ are

∆E =PN3 + N3N (
√

PD) + 3PN2N (
√

ND) + 3N2N (
√

NPD2)+

+ 6NN (
√

N2PD3) + N (
√

N3PD4)

Then {
< ∆E >= PN3

Σ2 = N6PD + 9N5P 2D + 9N5PD2 + 36N4PD3 + N3PD4
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Then the equation for the spinodal line is

H
(√

PN3

D(N3 + 9N2P + 9N2D + 36ND2 + D3

)
= C (2.29)

Again, we have to choose a linear scaling{
P = αP N

D = αDN
(2.30)

as in the previous cases to have the argument of the equation 2.29 not depending on
the size N, and this is consistent with numerical results in Fig. 2.5.

Figure 2.5. Capacity curves for different N values, with the linear scaling predicted
with the SNR method. We can observe that using this scaling the curves overlap, and
the predicted critical capacity computed using Eq. 2.21 with the value αP = 0.5 is
compatible with numerical results.

With this scaling we have

H
(√

αP

αD(1 + 9αP + 9αD + 36α2
D + α3

D)

)
= C (2.31)

As in the previous cases, the solution of this equation is an implicitly defined
curve which coincides with the prediction of the SNR method of the spinodal line
which includes within it the factors point stability phase, and it is superimposed to
numerical results in Fig. 2.6.
The result is similar to the previous case of factor point stability with r=2, being
the factor retrieval phase in an area in the upper left of the phase diagram, and
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also the critical value αc
D when αP → ∞ seems again to be similar to the original

Hopfield model αc ≈ 0.138.

(a) (b)

Figure 2.6. Numerical simulations (in background) of many models for many choices of
parameters (αP , αD), with superimposed the red line that is the numerical solution of
Eq. 2.31, that is the analytical prediction of the spinodal line separating models with
point stable factors from model without this capability. The numerical simulations are
performed and represented as described in Fig. 2.2. (a) Low αP values. (b) High αP

values. We observe that in both regimes the analytical predictions made with SNR
method are in good agreement with the numerical results.

2.3.2 SNR analysis of point stability of patterns

We use again the same algorithm to make easier the application of the SNR method.
If the system is placed upon a pattern ξ⃗µ:

∆E =
∑

ν

ξν
i ξµ

i

∑
j(̸=i)

ξν
j ξµ

j

r−1

= 4
∑

ν

ξν
i ξµ

i

∑
[i2,i3,i4]( ̸=i)

ξν
i2ξµ

i2
ξν

i3ξµ
i3

ξν
i4ξµ

i4


Where

∑
[i2,i3,i4]( ̸=i) is the sum over all i2, i3,i4 different from i. Now, using the

definition of patterns in the combinatorial Hopfield model 1.37 and the approximation
sign(x) ≈ x
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and the usual terms F l k
i := f l

i f
k
i and the same for the other three couples of f terms,

the sum become

∆E =
∑

[i2,i3,i4]( ̸=i)

∑
ν

∑
l,l2,l3,l4

∑
k,k2,k3,k4

Cν
l,l2,l3,l4Cµ

k,k2,k3,k4
F l k

i F l2k2
i2

F l3k3
i3

F l4k4
i4

(2.32)

Then, as previously described, every term is divided in a diagonal and an antidiagonal
part, giving 256 contributions, most of which in principle can undergo further
simplifications and have to be checked one by one for their logical consistency.
A reduction of terms can be obtained observing that some of them are a priori
subdominant. Using this observation, the remaining terms, for every tensor, are

• In the first C,

Cν
l,l2,l3,l4 ≈ 3Dl l2,l3l4 + 3Dl l2A(C)ν

l3l4 + 3Dl3l4A(C)ν
l l2 + A(C)ν

l l2l3l4

• In the second one

Cµ
k,k2,k3,k4

≈ 3Dk k2,k3k4 + 3Dk k2A(C)µ
k3k4

+ 3Dk3k4A(C)µ
k k2

+ A(C)µ
k k2k3k4

• For the product of factors

F l k
i F l2k2

i F l3k3
i F l4k4

i ≈ Dl k,l2k2,l3k3,l4k4 + Dl2k2,l3k3,l4k4A(F )l k
i +

+ 3Dl3k3,l4k4A(F )l k,l4k4
i,i4

+ 3Dl4k4A(F )l k,l2k2,l3k3
i,i2,i3

A(F )l k,l2k2,l3k3,l4k4
i,i2,i3,i4

Thanks to this simplification, the number of terms decreases from 256 to 80, but
again much more than in the previous models analyzed. Combining all terms in 2.32
will lead to the function F (αP , αD) for this model, and the spinodal line will be the
solution of the equation

H(F (αP , αD)) = C

However, without computing all 80 terms and obtaining the spinodal line, it is
possible to obtain other interesting informations about the system, in particular the
correct scaling to have an equation of spinodal lines that doesn’t depend on N.
First, it is possible to obtain easily two signal terms:

• Multiplying all diagonal terms when ν ̸= µ,

3Dl l2,l3l4Dk k2,k3k4Dl k,l2k2,l3k3,l4k4 → 3N3PD2

• When ν = µ, from the term

A(C)ν
l l2l3l4A(C)µ

k k2k3k4
Dl k,l2k2,l3k3,l4k4 → N3D4

because between the two anti-diagonal tensors a cross-simplification takes
place.
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It’s possible to show easily that they are "maximal" terms, namely no other signal
terms have bigger scalings in all of N, P, D quantities. This is true because from
2.32, the sums could in principle create a term of a maximal order in all variables
of N3PD8. However, if ν ̸= µ (necessary condition to have the P factor), cross
simplifications between A(C)-like tensors cannot happen, making the resulting term
a noise. Then, the first term of both the C tensors Cν

l,l2,l3,l4
and Cµ

k,k2,k3,k4
have to

be taken, erasing 4 powers of D. For this reason, for the factors tensor the diagonal
term have to be taken in order to maintain the N3 scaling (the only other term that
give rise to this scaling have only a single A term, impossible to simplify by itself),
canceling another D2 factor. Then, no signal can have a bigger D power (and N3P )
than the term N3PD2.
For the N3D4 signal, it comes from the case ν = µ, and it is possible to repeat an
analogous argumentation as for the previous signal, and then for similar reasons it
cannot have a bigger D scaling.
Now, a noise term can be found from

3Dl l2,l3l4Dk3k4A(C)µ
k k2

Dl2k2,l3k3,l4k4A(F )l k
i → 3N3PDN (

√
D2) = N (

√
9N6P 2D4)

It is precisely the term 3N6PD2 squared, and we are sure that it is of the maximal
scaling, because if existed a noise with one of its exponent bigger, the total noise
would be always bigger than the signal, making the point stability impossible, in
contrast with numerical results.
Given only this three terms, we know that there will be an equation of the form

H

√(3N3PD2 + N3D4 + terms)2

9N6P 2D4 + terms

 = C (2.33)

Using the usual linear scaling 2.20 the signal would be bigger than the noise of a
factor N2, making the equation depend on the size of the system N .
For the ratio

(N3D4)2

N6P 2D4 (2.34)

to have a result not depending on N it is necessary that the scaling with N of P is
double the scaling of D. A possible choice in this direction to make numerator and
denominator of the same order in N is a quadratic scaling{

P = αP N2

D = αDN
(2.35)

making the retrieval of patterns with r = 4 a superlinear phenomenon also in the
random features model. To state that it is the only possible scaling that makes
the spinodal line not depending on N it is necessary to obtain the complete SNR
method result. Other exponents have been tried numerically, but no different scaling
was found. It is interesting that the point stability happens with an exponent β = 2,
that it less than the cubic scaling of uncorrelated polynomial Hopfield with r=4,
β = 3, discussed in Fig. 1.4.
So, the important result obtained is that one effect of having correlation between
patterns (in a combinatorial way, as for the random features model) is that still it
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makes it possible to have point stability of patterns, but it reduces the scaling of
the number of memories that it is possible to store. The numerical results linked to
the discussion above are presented in Fig. 2.7.

(a) (b)

Figure 2.7. In this case only numerical result are presented, being the analytical prediction
of the spinodal line too arduous to be performed without further simplifications. (a)
Capacity curves for different sizes N overlap using the quadratic scaling provided in Eq.
2.35, αD = 0.1. (b) Numerical simulations (in background) of many models for many
choices of parameters (αP , αD), performed and represented as described in Fig. 2.2.
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Chapter 3

Analysis of dynamics and
energetic landscape of the
models

In this Chapter we present a purely numerical exploratory analysis of some character-
istics of the dynamics of the models studied throughout this work, in particular the
possibility to have retrieval of memories starting from a random initial configuration.
The reason behind this numerical analysis is that studying both phenomena of stor-
age and retrieval from random we have a more complete vision on the behaviour of
the models considered, obtaining the different regimes in which different behaviours
take place.
In the case of convergence from a random initialization, so if the system typically
converges to memories even though no information is given about them (random
initialization), basins of attraction of memories are so big that they occupy almost
all the configurations space. We expect that being in this regime in which memories
are global attractors is also a sufficient condition for local stability, and therefore the
system works also as an associative memory. However we have not proved that if
the systems converges from random to some patterns then all ξ⃗µ are locally stable,
because non-trivial phenomena can happen. For example it is possible that only
one or a few of them occupy all the configurations space, leaving all other memories
with only point stability or no stability at all. So, to assess rigorously that there is a
real memory retrieval mechanism in the models studied, a more detailed study of
basins of attraction is needed. Anyway, both in the work done and in the literature,
there are no suggestions or examples that is present this phenomenon in which a
few memories occupy almost all configurations space in the retrieval from random
phase. Instead, the usual behavior seen in Hopfield models is that if the system is in
the retrieval phase, almost all memories have a non zero basin of attraction.
There is a plethora of phenomena occurring and quantities to be studied during
dynamics, but we will focus only on the two quantities defined until now: the energy
of the system and the magnetization of patterns or factors.
In the previous Chapter, with the analysis of capacity of different generalized Hop-
field models, we have demonstrated that some of them have superlinear storing
capabilities, also in the correlated patterns scenario. The aim of this section is to
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show that increasing the the exponent r of the Hamiltonian from 2 to 4 results in
an increase of the scaling with N of the number of memories not only stored, but
also dynamically reachable from a random initialization. Remarkably, the scaling
grows from underlinear to superlinear. As we will see, this happens both in the
uncorrelated memories and in the random features case.

3.1 The scaling relations for retrieval from random

In this section for the two models investigated, namely r = 2 and r = 4 random
features Hopfield, both for patterns and factors it is produced a magnetization vs
capacity graph like the one described in Fig. 1.4. The difference is that now we
focus on the global attraction property, and then unlike in that case in which the
system was initialized over a memory, now the starting state σ⃗0 is a random point in
the configurations space, and the magnetization to a patterns is defined as retrieval
from random. The number of patterns that can be stored without disrupting the
ability of the model to perform retrieval from random is defined as the capacity from
random. For this analysis the scaling exponents are defined as

P = αP,βP
NβP (3.1)

D = αD,βD
NβD (3.2)

and the main objective of this section is to find for each model the (βP , βD) exponents,
being the parameters that regulates how many memories can be stored without
compromising the ability of the system to perform retrieval from random.
As already discussed, to have global attraction there must be first the point stability,
then it is expected that the retrieval from random phase is contained in the retrieval
phase. For this reason we expect the scaling exponents βP and βD to be in each
model equal or lower with respect to the values found in Chapter 2 for point stability.
The numerical results presented in Fig. 3.1, 3.2 and 3.3, are constructed simulating
dynamics starting from a random initialization, and evaluating the mean final
magnetization mout of the system (or µout for the feature convergence) for different
choices of the parameter αP,βP

for patterns retrieval (αD,βD
for factors retrieval).

Uncorrelated patterns Hopfield, r = 2 and r = 4

In Fig. 3.1 it is presented the numerical result. For each N , many systems for different
P values have been initialized in a random configuration and the magnetization of
the final state mout has been computed. Then, for different values of the exponent
βP , namely for different relations of the form P = αP,βP

NβP , it was plotted for
different N values the curve mout vs αP,βP

, that we will call capacity from random
curves. In the end it was selected the exponent that made the capacity from random
curves at different N overlapping in the best way. In particular, only the exponents
0.5, 1.0, 1.5, 2.0, 2.5, 3.0 have been tried for all models, both in the uncorrelated and
in the random features case. In all of them the curves were overlapping only for one
exponent, meanwhile for all other exponents the curves did not overlap at all, thus
it was not needed a sophisticated method to choose the exponent more compatible
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to the results.
The scalings

P =αP, 1
2
N

1
2 for r = 2 (3.3)

P =αP, 3
2
N

3
2 for r = 4 (3.4)

make the numerical curves at different N overlapping at best. For this reason, we
conclude that the those are the scalings compatible with numerical results.
We observe that this exponents are lower than in the point stability case analysis
of the previous section, in which P = O(N) for r = 2 and P = O(N3) for r = 4.
However, it is remarkable that increasing from r = 2 to r = 4 the scaling grows from
sublinear to superlinear.

(a) (b)

Figure 3.1. Capacity from random curves in the uncorrelated patterns Hopfield model. (a)
r = 2 model, that is the original Hopfield. (b) r = 4 model. We can observe that in the
first case the correct scaling with N of the capacity from random to make the curves
overlap is β = 0.5 and then sublinear, instead with r = 4 the capacity from random
grows up to β = 1.5, thus becoming superlinear.

Random features Hopfield, analysis of patterns, r = 2 and r = 4

In the random features case, for patterns retrieval, from the numerical analysis in
Fig. 3.2 it seems that the scaling for each r doesn’t change from the uncorrelated
scenario.
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(a) (b)

(c) (d)

Figure 3.2. Curves of capacity from random of patterns in the random features Hopfield
model, (a) with r=2, (b) with r=4. The scalings seems to be the same as in the
uncorrelated case. Another effect is that increasing αD also the value of the critical
capacity from random grows, as for normal capacity in the SNR analysis.

In fact, also in this case as for the uncorrelated Hopfield model we obtain

P =αP, 1
2
N

1
2 for r = 2 (3.5)

P =αP, 3
2
N

3
2 for r = 4 (3.6)

both of which with a D scaling of D = αD,1N . Other exponent pairs (βP , βP ) were
also tried, but in no other case the curves overlap.
An interesting observation is that for r = 4, the scaling of P for point stability of
patterns, in Chapter 2 were found to be βP = 3 in the uncorrelated Hopfield, and the
lower value βP = 2 in the random features case. Instead, now, for the phenomenon
of retrieval from random, the scalings in the two cases seems to be the same.
At qualitative level, another phenomenon observed is that, as for capacity and point
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stability analysis of the previous section, increasing the parameter αD,1 (and so
the number of factors), it increases also the critical value αc

P,βP
, after which it’s

not possible retrieval from random. Therefore, more factors imply less correlation
between patterns, and then the retrieval mechanism brakes down later, also when
the system has a random initialization.

Random features Hopfield, factors analysis, r = 2 and r = 4

(a) (b)

(c) (d)

Figure 3.3. Curves of capacity from random of factors in the random features Hopfield
model. (a) For r = 2 the curves obtained follow the same scaling βD = 0.5 as for patterns
in r=2. We observe that the curves in general and the approximate critical value is the
same inverting the values of αP and αD. It is true also for a bigger value of αP (c). (b)
In the r = 4 case it seems that it is not possible to have retrieval from random of factors.
(d) Also patterns are not dynamically reached, then the final states are uncorrelated to
patterns too.

In the r = 2 case, it is found in Fig. 3.3 (a) and (c) that the scaling for D to have
retrieval from random of factors it’s βD = 0.5, just like the value of βP obtained in
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the previous analysis for patterns:

D = αD, 1
2
N

1
2 for r=2 (3.7)

using the linear scaling P = αP N . Again, other couples of exponents (βP , βD) were
tried, but no other one resulted in overlapping curves.
Another interesting fact found is that not only the scaling seems the same, but also
the results are interchangeable: swapping the scalings βP and βD of P and D and
the values of parameters αP,βP

⇔ αD,βD
, the curve of retrieval from capacity from

random for patterns becomes very similar to the curve for retrieval from random of
factors, showing a sort of symmetry between the two cases.
Instead, for r=4, from Fig. 3.3 (b) and (d) it seems that it’s not possible to have
retrieval from random of factors for all the scalings tried in the numerical analysis.
Thus, it is not possible to assess if factors retrieval from random is not possible at
all in the r = 4 case, or if the appropriate scaling is substantially different from the
ones tried. Anyway, the symmetry between factors and patterns present in the r = 2
model is not valid anymore.

3.2 Dynamical trajectories and spurious attractors

In the previous section we obtained the scaling exponents to have the retrieval from
random phenomenon, namely βP and βD, for all the models investigated in this
work, as well as the critical values of parameters αβ that separate the retrieval from
random phase from the other one. Now, we study the way memories are retrieved
starting from a random initial configuration. The process of retrieval, which we
will refer to as dynamical trajectory, is analyzed showing the energy E(t) and the
magnetization m(t) (or µ(t) for factors) at any instant t, starting from random until
the final configuration. In fact, T = 0 dynamics of a discrete model with finite N
variables always have a final exit state in which the model stops autonomously to
move.
For each choice of parameters, 5 samples of disorder are generated, and for each
of them 5 dynamical trajectories are produced starting from different random
configurations σ⃗0. The faded lines in the dynamical trajectory graphs correspond to
each of this individual run, and the bold lines are the mean values for each time t.
Due to the fact that trajectories end at different times, to prevent longer dynamics
from dominating the averages at long times, in computing the means all trajectories
already ended are still considered as being on their last value of E and m.
Looking at dynamical trajectories before, near and after the critical parameter αc

P,β

(or αc
D,β) it’s possible to have a view of the reason why the systems fails to retrieve

memories after the critical value. In particular, the main suggestion from this graphs
is that in all cases the system have a dynamical transition from converging to stable
states at low αc

P,β (αc
D,β), to converge to metastable states at high αc

P,β (αc
D,β).

Uncorrelated patterns Hopfield, r = 2 and r=4

For uncorrelated patterns, in Fig. 3.4 it is presented the result for the r = 2 model,
instead in Fig. 3.5 it is presented the result in the r = 4 case.
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Figure 3.4. Dynamical trajectories of r = 2 uncorrelated Hopfield model, for three different
parameter values, corresponding to before, near and after the critical capacity from
random in Fig. 3.1 (a). Dynamics for all parameters starts inside a plateau, but then
inside the capacity from random phase (αβ = 0.3) dynamics suddenly decrease the
energy and magnetize to a memory. Instead, outside the retrieval from random phase
(αβ = 0.9) dynamics remain trapped in the plateau until the exit state. At the boundary
(αβ = 0.6) some dynamics follow a steep energy decrease, meanwhile others remain
trapped.

Figure 3.5. Dynamical trajectories of r = 4 uncorrelated Hopfield model, for three different
parameter values, corresponding to before, near and after the critical capacity from
random in Fig. 3.1 (b). The qualitative behaviour is the same of the r = 2 case. However,
wee can see that for αβ = 0.5 it is also present one-shot magnetization: starting from a
random point, after only one dynamical step the system converges to a pattern.
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Random features Hopfield, analysis of patterns, r = 2 and r = 4

The same numerical simulations of the uncorrelated case are repeated for retrieval
of correlated patterns in the r = 2 (Fig. 3.6) and r = 4 (Fig. 3.7) cases.

Figure 3.6. Dynamical trajectories for pattern convergence of r = 2 random features
Hopfield model, for three different parameter values, corresponding to before, near
and after the critical capacity from random in Fig. 3.2 (c). We can observe that the
dynamical trajectories obtained are similar to the r = 2 uncorrelated case in Fig. 3.4, in
line with the prediction that at high enough αD values the number of factors D is so big
that patterns are practically uncorrelated.

Figure 3.7. Dynamical trajectories of r = 4 uncorrelated Hopfield model, for three different
parameter values, corresponding to before, near and after the critical capacity from
random in Fig. 3.2 (d). We can observe that the result is similar to the r = 4 uncorrelated
Hopfield, showing that also for an higher r value, in the αD big case, the patterns are
almost uncorrelated and so the system behaves similarly to that case.
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Random features Hopfield, factors analysis, r=2

In Sec. 3.1, we have seen that in the 4-spins case it was not possible to find a
regime in which factors retrieval from random happen. Then, only the r = 2 case is
presented in Fig. 3.8.

Figure 3.8. Dynamical trajectories for factors convergence of r = 2 random features
Hopfield model, for three different parameter values, corresponding to before, near
and after the critical capacity from random in Fig. 3.3 (c). We can observe that the
dynamical trajectories obtained are similar to the r = 2 uncorrelated case in Fig. 3.4 as
well as to the r = 2 random features case in Fig. 3.6. The difference is that in this case
the system is converging to factors instead of patterns, and so it is not trivial that the
dynamical behaviour in this kind of analysis looks the same. Again, as stated in Fig.
3.3, it seems that pattern retrieval from random and factors retrieval from random have
the same dynamical functioning by exchanging the parameters αP ⇔ αD.

The dynamical trajectories behavior observed in all models analyzed

For all models considered, both for patterns and for factors (where they are global
attractors), the behaviour of the dynamical trajectories is the same in the three
different phase diagrams zones:

1. Inside the retrieval from random phase, the dynamics explore states with
similar values of energy and magnetization, and then it suddenly finds a
memory over which magnetize. We will call plateau this initial behaviour of
almost constant energy. Then at a certain time, a steep decreasing of the
energy happens. This phenomenon could be due to the fact that even though
there exist some directions to magnetize a memory in the phase space with
a random initial configuration, they are a few compared to the total number.
So, even if the temperature is zero and so the entropy makes no effects on the
exploration of the configurations space made by the system, the fact that only
a few specific paths can move the system towards a memory creates an initial
plateau in which the system takes a long time to find the right path.
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2. Near the critical value, dynamics moves initially in a energy and magnetization
plateau. After this plateau, some dynamics follow a steep decrease of energy
and magnetize as in the previous case, instead others remain inside the plateau.
To understand properly what happens exactly at the critical value of the
capacity from random this analysis is not sufficient, because we do not have a
precise enough value of the critical capacity from random.

3. In the phase where there’s not retrieval from random, dynamics are constrained
inside the plateau, and only a tiny fraction shows a consistent decrease in
energy and magnetize to a memory. It is possible that this behaviour is due
to the presence of energy barriers: the few possible directions to escape the
plateau and magnetize present in the retrieval from random phase now are
typically not present at all, making those systems with a T = 0 dynamics (in
which it is impossible to make a move that increases the energy) unable to
escape the plateau. In the case in which there is an energetic barrier separating
high-energy minima from the lower energy memory-correlated minima are
metastable spurious states.

To study the cause of the results observed with the dynamics a direct analysis of the
energetic landscape is performed in the next section. In particular, by combining
the results of dynamical trajectories and the analysis of the landscape it is possible
to have a broader view on the phenomena taking place in the retrieval of memories
from random initial configurations.

3.3 Analysis of the energy landscape
Finally, for each model are presented some examples of random walking, a procedure
whose aim is to get a graphical intuition of the structure of the energy landscape,
such as the amount of roughness, that is used in this context in a qualitative way
referring to the density and depth of uninformative minima that are present in the
configurations space.
The reason behind this method is to analyze with another approach why after a
critical parameter αc

P,βP
(or αc

D,βD
) there is not anymore retrieval from random,

with the aim of combining the results with the analysis of dynamical trajectories in
the previous section.
The algorithm to produce the random walking graphs is the same for patterns or
factors (changing the vectors considered in all steps from ξ⃗µ to f⃗k):

1. The system starts from an informative minimum, corresponding to a pattern
ξ⃗µ randomly selected.

2. The nearest ξ⃗ν is selected, intended as the one with the maximum dot product
ξ⃗µ · ξ⃗ν .

3. A list of spins to be changed is constructed, taking all the spins misaligned in
the two vectors.

4. The spins of the system are moved from ξ⃗µ to ξ⃗ν , changing for every step a
single spin taken randomly from the list of opposed spins. The variable that
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changes on the x axis is the Hamming distance d from the initial configuration,
and for each d it is computed the energy of the system E in that configuration.

5. Once the next pattern is reached, the procedure starts again, without consid-
ering the previous one in the search for the nearest pattern.

An example of this procedure repeated for 5 patterns can be observed in Fig. 3.9.

Figure 3.9. Starting from a random factor minimum (leftmost part of the energy curve),
the system moves following the random walking algorithm towards the nearest factor,
with d the number of spin changed from the start. From left to right, initially energy
grows in a fair smoothly way, then arrives to a zone where it’s rough, after which it falls
sharply in the next minimum, again with a smoother behaviour. In this example the
procedure is repeated 5 times, so we can see 6 minima. The model is the r = 2 random
features Hopfield and we are in the range of parameters of high α and low αD, outside
the factors retrieval from random phase.

For each of the four models analyzed in the present work, using the appropriate
scalings βP and βD obtained in the Sec. 3.1, the same 3 different sets of parameters
of the Sec. 3.2 are chosen, that are one before, another in the nearby and the last
after the critical transition of the retrieval from random. In particular, for each of
the 3 different choice of parameters it is presented a single random walking.
However, for each of this plots, it is presented only a focus on the area in the
middle of two memories. This choice is done because in very high dimensional space
(such as the configurations space, that has a number of dimensions equal to N) a
random initialized system is with very high probability in a place approximately
perpendicular to patterns or factors. So, the random walking plots focuses on the
area in the middle of two memories, emphasizing the landscape of the typical starting
random initialization. As discussed before, convergence from random initialization is
a sufficient condition to have non-zero basins of attraction, and so when it fails after
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the critical value of αβ it means that the system it’s not capable of reaching the
neighborhood of the memories, namely it is trapped in the area almost perpendicular
to all other ones, justifying the choice of presenting only that area in the plot.
Note that this trajectory in general it’s not the only or the simplest one for the system
to magnetize, and so the energy climb represented in the graphs are not impossible
to overcome, as the system in principle can follow other dynamical trajectories to
magnetize to a memory. The fact is that the system can overcome some roughness
of the landscape thanks to high dimensionality and consequent possible loopholes in
the energetic climbs, but over a certain roughness extension or depth this loopholes
are typically not found anymore, and so we talk about energy barriers. So, the
correct point of view of those graphs is to estimate visually in which way changing a
selected parameter affects the landscape, and to view the landscape modification
that prevents the system to perform retrieval from random.

Uncorrelated patterns Hopfield, r = 2 and r = 4

In Fig. 3.10 it is shown the projection of the energy landscape before, near and
after the critical value of convergence from random. We note that for every graph
presented for each model the scale in the x and in the y axis is maintained constant
in order to make it possible to compare visually and qualitatively the landscape
structure, in particular the amount of roughness. In Fig. 3.11 it is presented the
r = 4 case.

Figure 3.10. For every model the three graphs correspond to before, near and after the
dynamical transition. In this figure it is investigated the r = 2 uncorrelated patterns
model.
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Figure 3.11. Uncorrelated patterns r = 4 model.

Random features Hopfield, analysis of patterns, r = 2 and r = 4

In Fig. 3.12 it is shown the r = 2 case, in Fig. 3.13 the r = 4 model.

Figure 3.12. Random features r = 2 model, retrieval from random of pattern, with the
scaling βP = 0.5.
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Figure 3.13. Random features r = 4 model, retrieval from random of pattern, with the
scaling βP = 1.5.

Random features Hopfield, factors analysis, r = 2
In Fig. 3.14 it is shown the r = 2 case

Figure 3.14. Random features 2-spins model, retrieval from random of factors, with the
scaling βD = 0.5.
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For all models analyzed, despite the different model definitions, power r of the
energy and patterns or features retrieval, the structure of the landscape changes in
all cases in the same qualitatively way.
In the first example inside the retrieval from random phase both the extension and
the depth of minima in the rough area is smaller compared to other models with
increasing αP,β (or αD,β) parameters. We have a visual confirmation that increasing
P (or D in factors retrieval from random) increases the amount of roughness, and
this is consistent with the guess made in the dynamical trajectories analysis: retrieval
from random is possible until the landscape become so rough that trajectories on
average are no longer able to find a path without energetic barriers to magnetize to
memories, and the system has a dynamical transition from converging to memories
to be trapped in spurious states.
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Chapter 4

Conclusion

4.1 Results

4.1.1 SNR method and the study of the capacity

In the Chapter 2 of this thesis the signal-to-noise ratio (SNR) approach has been
used to obtain the spinodal lines of point stability of memories.
The result of the SNR method is an equation of the form F (αP , αD), using which
the spinodal line is the implicitly defined curve in the (αP , αD) phase space that
solve of the equation

H(F (αP , αD)) = C (4.1)

where H(x) :=
∫∞

x Dx is the error function and Dx := e− x2
2 dx is the Gaussian

measure.

The r = 2 case

In the r = 2 case both patterns and factors have point stability with a scaling{
P = αP N

D = αDN
(4.2)

although in two different sectors of the phase diagram (αP , αD).
The factors capacity spinodal line in Fig. 2.2 matches well the phase diagram obtained
from the simulation with the C parameter equal to the value in the uncorrelated
Hopfield model case.
Also the patterns capacity spinodal line presented in Fig. 2.4 has a behaviour
compatible with simulations, however the degree of similarity is lower than in the
factors case using the same value of C as before. In particular, the discrepancy is
bigger for small values of αD and then it tends to decrease for bigger αD ≫ 1.

The r = 4 case

Increasing r from the original Hopfield r = 2 value to the r = 4 case, two different
scaling regimes appear for the storage of factors and patterns.
For the capacity of factors, the right scaling to obtain a spinodal line not dependent
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on the size N is again the linear one (Eq. 4.2). The phase diagram of factors point
stability (Fig. 2.6) resembles very much the one with r = 2, however for r = 4
the spinodal line provided by the SNR method has a worse match with numerical
simulations.
In the patterns capacity, the application of the SNR method requires in principle the
evaluation of thousands of terms. Using the scheme presented in the Box 2.2.1 to
carry on the computation efficiently it is possible to restrict the calculation to only
80 terms, but still too many to obtain the function F (αP , αD) manually. However,
the exponents of this model can be predicted with the SNR method without carrying
out the complete computation. A possible scaling of parameters in this model is{

P = αP N2

D = αDN
(4.3)

This scaling is validated through numerical results, even though it has not been
demonstrated to be the only possible one.

4.1.2 The numerical exploration of dynamics and energetic land-
scape

The scaling relations for retrieval from random

To study the global attraction property, unlike in the case in which the system
was initialized over a memory, now the starting state σ⃗0 is a random point in the
configurations space. In this part of the work, the scalings with N of the parameters
obtained are presented in the form{

P = αP,βP
NβP

D = αD,βD
NβD

(4.4)

Uncorrelated patterns Hopfield, r = 2 and r=4
In the uncorrelated patterns case, it has been shown in Fig. 3.1 that the correct
scalings to have retrieval from random of patterns (there are not factors in these
models) are

P =αP, 1
2
N

1
2 for r = 2 (4.5)

P =αP, 3
2
N

3
2 for r = 4 (4.6)

Random features Hopfield, analysis of patterns, r = 2 and r=4
In the correlated case, from the numerical analysis in Fig. 3.2, it seems that the
scalings needed to have retrieval of patterns from random don’t change from the
uncorrelated scenario for each r. And so also in this case

P =αP, 1
2
N

1
2 for r = 2 (4.7)

P =αP, 3
2
N

3
2 for r = 4 (4.8)
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both of them with a D scaling of D = αD,1N .
Another phenomenon observed is that, as for capacity and point stability analysis,
increasing the parameter αD,1 (and so the number of factors), it increases the critical
value αc

P,βP
after which it’s not possible anymore retrieval from random.

Random features Hopfield, factors analysis, r = 2 and r = 4
In the r = 2 case, it is found in Fig. 3.3 that the scaling for D to have retrieval from
random of factors it’s equal to the previous analysis of the scaling for P:

D = αD, 1
2
N

1
2 for r = 2 (4.9)

Not only the scaling seems the same, but also the results are interchangeable:
swapping the scalings βP and βD of P and D and the values of parameters αP,βP

⇔
αD,βD

, the results are similar, showing some sort of symmetry.
For r=4, it seems that it is not possible to have retrieval from random of factors for
all the scalings tried in the numerical analysis, and so there is not a symmetry in
the 4-spins model between patterns and factors retrieval from random.

The dynamical trajectories and the role of spurious attractors

With the appropriate scalings of parameters of the models obtained in the previous
study, the dynamical trajectories have been analyzed. For all models, both for
patterns and for factors (when the latter are global attractors), the dynamical
behaviour is the same when varying the models in each of the three different phases:

1. Inside the retrieval from random phase, the dynamics explore states with similar
values of energy and magnetization, and then it suddenly finds a memory over
which magnetize. At the same time, it happens a sudden decreasing of the
energy.

2. At the critical value, dynamics move in an energy and magnetization plateau.
After this plateau, some dynamics follow a sudden decrease of energy and
magnetize, instead others remain inside the plateau.

3. In the phase where there’s not retrieval from random, dynamics are constrained
inside the plateau, and only a tiny fraction shows a downhill in energy and
magnetize to a memory.

The analysis of the landscape

The final analysis focuses on the structure of the energetic landscape in the typical
random initialization area and for parameters choices such that the systems are
inside, at the boundary or outside the retrieval from random phase.
The result is that, for each model, in the first example inside the retrieval from
random phase both the extension and the depth of minima in the rough area is
smaller compared to other models with increasing αP,βP

(or αD,βD
) parameter. So,

increasing patterns (or factors) increases the amount of roughness, and retrieval
from random is possible until the landscape become so rough that trajectories on
average are no longer able to find a path without energetic barriers to magnetize to
memories.
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4.2 Discussion of results

4.2.1 The spinodal lines with the SNR method

The signal to noise ratio (SNR) method has been applied by Gardner to p-spin
Hopfield models [Gar87]. The novelty of the present work consists in the application
of the similar polynomial energy model [KH16], but to a new class of data structure,
in which it is present a combinatorial correlation (as defined in Eq. 1.37). In
particular, it is presented and utilized a scheme (see Box 2.2.1) to efficiently count
the different noise and signal contributions with this kind of correlation between
patterns.
In all cases except the last one it was possible to obtain the spinodal line of point
stability of patterns or factors in the phase diagram (αP , αD). In all cases, analytical
predictions are compatible to numerical simulations, except for the case of 4-spin
model point stability of patterns, in which it was not possible to compute the line
due to a proliferation of terms.
For r = 2, there is a qualitative symmetry in the storage of patterns and factors.
From the phase diagrams of this two cases (Fig. 2.2 and 2.4) it is possible to observe
that by exchanging the two axis αP ⇔ αD the two spinodal lines have a similar
behaviour.
With respect to the replica method, in the cases in which the result was computed,
the SNR method has proven to be simpler to carry on, and the predictions are
compatible with the numerical results. However, it also has some problems:

• There is a parameter C, that is needed in order to compute the spinodal
lines, and that cannot be provided by this method because it comes from
the thermodynamics of the models. However, its value can be derived for
the original Hopfield model, and using this number we obtain a good enough
prediction for spinodal lines comparing to numerical results.

• There is a case, the patterns point stability for 4-spins random features model,
in which the proliferation of terms makes the computation not possible to carry
out. This is a remarkable limitation in a method that is useful if it is simpler
than replica computation. Maybe a diagrammatic implementation of SNR
could help to manage the proliferation of terms, or another possibility could be
that there are further simplifications possible in the scheme of computations
presented (2.2.1), that avoid to take into account many irrelevant terms.

4.2.2 The scalings for storage

To have the equation for the spinodal line not depending on the size N , there are
precise scalings of P and D with respect to N to be chosen, depending on the results
of the SNR computation. In all cases, the scalings predicted are consistent with
numerical results. The linear scaling is the correct one for the 2-spins model both
for patters and factors, and in the 4-spins model for factors.
For the point stability of patterns in the 4-spins random features model, even though
the computation of all terms of the SNR method has not been completed, it was
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possible to make the prediction of the scaling{
P = αP N2

D= αDN
(4.10)

Then, with respect to the 2-spin case, patterns can be stored with a superlinear
scaling in the 4-spins random features model, even if with a lower exponent compared
with the scaling P = αP N3 of the uncorrelated patterns 4-spins Hopfield.
Both in 2-spins and 4-spins models, the scaling exponents of P for patterns storage
are compatible with {

r − 1 for uncorrelated patterns
r/2 with random features

(4.11)

In particular, the first relation was demonstrated to be correct in [Gar87] for all r
values, instead the second one is obtained in this work only for r = 2 and r = 4.
Applying the same types of reasoning as in Sec. 2.3.2 to bigger even r values it is
possible to understand if the second relation of 4.11 is valid only for the models
investigated or it is a general one.

4.2.3 The retrieval from a random initialization

In addition to the behaviour of retrieving a memory from a corrupted version of it,
in literature it is already known that there are different scalings regime in which the
Hopfield model converges to memories even starting from a random initial state.
However for the 2-spins model this phenomenon needs a sublinear scaling P =
αP, 1

2
N

1
2 to happen, and in this work it has been confirmed that this is true both

for the uncorrelated and for the random features Hopfield. In the latter, not only
patterns but also factors are retrieved from random if D has a sublinear scaling
instead of P . Then we observe again a qualitatively symmetrical behaviour of
patterns and factors in the 2 spins model, as we have seen for the storage.
For the 4-spins model, the factors are not retrieved from random for all numerically
tested scalings. There are two possibilities: or the correct couple of exponents βP

and βD are an exotic one, or it is not possible at all to converge to factors from
an initial random configuration in the r = 4 case. Anyway, the symmetry between
patterns and factors of the 2-spins case is not valid anymore.
Instead, for retrieval from random of patterns in the 4-spins model, we have obtained
that this phenomenon happen with a superlinear scaling P = αP, 3

2
N

3
2 , both in the

uncorrelated and random features cases. The remarkable result is that with this
increasing in the r value we go from a sublinear to a superlinear scaling, and passing
from uncorrelated to correlated patterns results only in a prefactor in the maximum
number of patterns P .

4.2.4 The dynamical transition in the random initialized models

Finally it is analyzed the dynamics when the system starts from a random point
in the configuration space, that is typically in the zone almost perpendicular to
all patterns. The numerical behaviour of the dynamics is the same for all models



60 4. Conclusion

analyzed.
We observe that at first all dynamics move in an area in which the energy decreases
slowly. However, for the set of parameters such that retrieval for random is possible,
at a certain time we observe a steep descent in energy and the system magnetize,
instead outside this set of parameters dynamics typically remain trapped in such
energy plateau. Moreover, all landscapes show some degree of roughness, but it
qualitatively increases as models stop to retrieve memories.
This results are compatible with the presence of an energy landscape in which only
a few directions allow the system to magnetize. Then, after a dynamical transition,
dynamics are typically trapped in an energetic plateau because they are no longer
able to find a path without energy climbs to magnetize. It is even possible that
such paths do not exist at all anymore, making the dynamics trapped in metastable
states.

4.3 New developments

4.3.1 The study of the generalization

As described in Sec. 1.1.1 the most important feature for a machine learning model
is the generalization: after the exposure to the training dataset, the model is useful
if it can solve the task on new and unseen data. From the point of view of the
hidden manifold model [Gol+20], as described in Sec. 1.5, a possible definition of
generalization in the Hopfield model could be done with the use of the generalization
vectors

g⃗s = sign
(

1√
D

D∑
k

cs
kfk

i

)
(4.12)

where cs
k are new randomly generated coefficients, meanwhile the factors f⃗k are

the same ones from which patterns were built. In this framework, the patterns ξ⃗µ

are the visible data, there is an intrinsic space of features f⃗k to be learnt, and if
the model learns the features, it could be possible that it also develops attractors
corresponding to generalization vectors g⃗s, thus generalizing.
In particular, both the SNR computation of capacity and the numerical analysis of
dynamics can be applied without modifications, making this investigation a natural
continuation of this work.

4.3.2 The continuous variables model

Modern machine learning models are based on continuous variables, and so it
seems natural to extend the Hopfield networks of this thesis to continuous variables.
Furthermore, the connection between Hopfield and Transformers [Ram+20] has been
suggested for the continuous formulation of the Hopfield model.
Switching to continuous variables can be a difficult operation, and some problems
can appear and some choices has to be done. One problem is that the state of the
system x⃗ ∈ RN can have a norm |x⃗| → ∞. A possible solution is to introduce the
spherical constraint |x⃗|2 = N , even if from the p-spin model [Nis01] we know that
it is possible that at low temperatures the condensation phenomenon could occur,
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where a single variable has xi ∼ O(
√

N) and all others are approximately null.
Another possibility is to introduce a regularization term in the Hamiltonian that
penalises configurations with high values of |x⃗|, as done for example in the exponential
continuous Hopfield model [LM23]:

E(x⃗) = − 1
λ

log
P∑

µ=1
eλ x⃗·ξ⃗µ + 1

2 |x⃗|2 (4.13)

Despite the differences between binary and continuous variables and the difficulties
in changing the systems from the former to the latter, it is surely an important
direction that can be considered for further studies of modern Hamiltonian-based
systems.
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